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AN INDEX FORMULA FOR ELLIPTIC SYSTEMS

IN THE PLANE

B. ROWLEY

Abstract. An index formula is proved for elliptic systems of P.D.E.’s with
boundary values in a simply connected region Ω in the plane. Let A denote
the elliptic operator and B the boundary operator. In an earlier paper by the
author, the algebraic condition for the Fredholm property, i.e. the Lopatinskii
condition, was reformulated as follows. On the boundary, a square matrix
function ∆+

B defined on the unit cotangent bundle of ∂Ω was constructed
from the principal symbols of the coefficients of the boundary operator and a
spectral pair for the family of matrix polynomials associated with the principal
symbol of the elliptic operator. The Lopatinskii condition is equivalent to the
condition that the function ∆+

B have invertible values. In the present paper, the
index of (A,B) is expressed in terms of the winding number of the determinant

of ∆+
B .

Introduction

To indicate the idea of the proof of the index formula, let us consider first a
special case. The region Ω ⊂ R2 is assumed to be bounded with C∞ boundary, and
simply connected. Consider the 2× 2 system

∂u

∂x2
−
(

0 −1
1 0

)
∂u

∂x1
+A0(x) · u = f(x), x ∈ Ω,

u1 · cosϕ(y)− u2 · sinϕ(y) = g(y), y ∈ ∂Ω,

where u =
[
u1 u2

]T
is a real 2-vector function. Writing this problem in complex

form with w = u1 + iu2, z = x1 + ix2, and ∂/∂z̄ = 1
2 (∂/∂x1 + i∂/∂x2), we obtain

the Riemann-Hilbert problem:

∂w/∂z̄ + a(z)w + b(z)w̄ = f(z), z ∈ Ω,

Re eiϕ(y)w = g(y), y ∈ ∂Ω,

where a, b ∈ C∞(Ω̄) and ϕ ∈ C∞(∂Ω). The R-linear operator defined by w 7→
(∂w/∂z̄ − aw − bw̄, Re eiϕw|∂Ω) is Fredholm in appropriate Sobolev spaces, its
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solvability properties depend on the winding number, χ = 1
2π [ϕ(y)]∂Ω, and the

index formula

index = 1− 2χ = 1− 1

π
[ϕ(y)]∂Ω

is well known; see, for instance, [We] or [Ga].
A Fredholm operator is a bounded linear operator whose kernel has finite dimen-

sion, α, and whose image has finite codimension, β; the index of this operator is
defined to be α−β. The reader of this paper is assumed to know that the Lopatin-
skii condition (abbreviated from now as L-condition) is the necessary and sufficient
condition for an elliptic system (A,B) to be Fredholm (in suitable Sobolev spaces);
for instance, see [WRL, Chap. 9]. Assuming that this has been established, the
proof of the index formula is a matter of dealing with the L-condition which is
algebraic-topological in nature.

The proof of the index formula in the present paper uses the theory of matrix
polynomials due to Gohberg, Lancaster, Rodman and others; see [GLR], [BGR].
The relevant parts of this theory which are needed here are developed in [Ro].

The structure of the proof of the index formula is as follows. Given a first-order
elliptic system in the plane with coefficients that are matrices with real entries,
one can transform it to a “generalized Riemann-Hilbert problem” by means of a
similarity transformation in the dependent variable, and then construct a homotopy
from this new problem to a diagonal system of Riemann-Hilbert problems to which
the above formula may be applied; this is done in §3 and §4. Higher-order systems
(A,B) are then handled in §5 by a standard device which involves a reformulation
as a first-order system. Up to that point the index formula holds for systems with
real matrix coefficients, but in §6, §7 we show how this restriction can be removed.
In each case the proof of the index formula amounts to showing that the index of
(A,B) is equal to the topological index defined in §2.

An index formula for higher-order elliptic systems in the plane was first proved
by Vol′pert [Vo] in 1961 for systems with real matrix coefficients. It is probably
fair to say, however, that both the statement and proof of the formula are simpler
in the present paper. Furthermore, there is no restriction here on the orders of the
rows of the boundary operator as there was in [Vo].

A formula for the index of an elliptic system (A,B) on a compact manifold
with boundary was found by Atiyah and Bott [AB] in 1964. By means of some
topological arguments, they were able to reduce the index problem for (A,B) to
the case of the index formula on compact, closed manifolds in [AS]. Applications of
the theory of matrix polynomials to boundary value problems in higher dimensions
are treated elsewhere, in [WRL].

1. Elliptic systems in the plane: some preliminaries

This section is a continuation of [Ro, §3, §6, §7]; the Lopatinskii condition is
examined in further detail for differential operators in the plane.

By a region we mean a nonempty connected open set in the complex plane. Let
Ω ⊂ R2 be a bounded region with C∞ boundary. We denote by Ell` the set of
properly elliptic differential operators

A(x, ∂) =
∑
|α|≤`

Aα(x)∂α, x = (x1, x2) ∈ Ω̄,(1a)
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with principal part, πA, homogeneous of degree `. The coefficients Aα are assumed
to be smooth p × p matrix functions. Here we are using the usual multi-index
notation: ∂α = ∂α1

1 ∂α2
2 , |α| = α1 + α2, where ∂j = ∂/∂xj, j = 1, 2. In a slight

change of notation from [Ro, §6], we let BE`,m denote the set of all boundary

problems (A,B) where A ∈ Ell` and B is a differential boundary operator of the
form

B(y, ∂) =
[∑

|α|≤mk
bk(y)∂

α
]r
k=1

, y ∈ ∂Ω,(1b)

satisfying the L-condition relative to A. More general (pseudo-differential) bound-
ary operators were permitted in [Ro] for the purpose of constructing homotopies
of elliptic boundary problems, but for systems in the plane this turns out to be
unnecessary (see Theorem 1.2).

Let n(y) be the inward-pointing unit normal vector at y ∈ ∂Ω, and τ(y) the
unit tangent vector to ∂Ω such that τ(y), n(y) is a positively oriented basis of R2.
We identify the unit cotangent bundle, ST∗(∂Ω), with the unit tangent bundle,
ST(∂Ω). If (y, ξ′) ∈ ST∗(∂Ω) then

|ξ′| = 1, so ξ′ = ±τ(y),
and ST∗(∂Ω) is the disjoint union of two copies of ∂Ω.

Let (A,B) ∈ BE`,m, i.e. A is an elliptic operator of the form (1a) and B is a
boundary operator (1b) having order mk in the kth row, k = 1, . . . , r. Associated
with the principal part ofA on the boundary ∂Ω, there is the p×pmatrix polynomial

Ly,ξ′(λ) := πA(y, ξ′ + λ · n(y)) =
∑̀
j=0

Aj(y, ξ
′)λj ,

y ∈ ∂Ω, 0 6= ξ′ ∈ T∗
y(∂Ω). (See [Ro, §3].) Now let L̃y(λ) = Ly,τ(y)(λ), that is,

L̃y(λ) = πA(y, τ(y) + λn(y)) =
∑̀
j=0

Ãj(y)λ
j , y ∈ ∂Ω,(2)

where Ãj(y) = Aj(y, τ(y)). If (X̃±(y), T̃±(y), Ỹ±(y)) is a γ±-spectral triple of the

matrix polynomial L̃y(λ) then we may define a γ+-spectral triple of Ly,ξ′(λ) as
follows:

(X+(y, ξ′), T+(y, ξ′), Y+(y, ξ′)) =

{
(X̃+(y), T̃+(y), Ỹ+(y)), ξ′ = τ(y),

(X̃−(y),−T̃−(y), (−1)1−`Ỹ−(y)), ξ′ = −τ(y).
We also define (X−(y, ξ′), T−(y, ξ′), Y−(y, ξ′)) by the equation [Ro, (5-8)]. Associ-
ated with the boundary operator B there is the matrix polynomial

B̃y(λ) = πB(y, τ(y) + λn(y)) =

µ∑
j=0

B̃j(y)λ
j , y ∈ ∂Ω,(3)

where B̃j(y) = Bj(y, τ(y)) and µ ≤ maxmk, and we let

∆̃±
B (y) =

µ∑
j=0

B̃j(y)X̃±(y)T̃ j
±(y)(4)
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and also

∆+
B (y, ξ′) =

µ∑
j=0

Bj(y, ξ
′)X+(y, ξ′)T j

+(y, ξ′).(5)

Note the following relationship between the matrix functions (4) and (5):

∆+
B (y, τ(y)) = ∆̃+

B (y), ∆+
B (y,−τ(y)) = M(−1)∆̃−

B (y),(6)

the second equality being valid for a differential operator B, because πB(y, cξ) =
M(c) · πB(y, ξ) for all c ∈ C, in particular when c = −1. Here M(c) is the r × r
diagonal matrix

[
cmkδki

]
. In view of [Ro, Theorem 3.3(iii)], (A,B) satisfies the

L-condition if and only if det∆+
B (y, ξ′) 6= 0 when ξ′ = ±τ(y), which we now see is

equivalent to the condition

det ∆̃±
B (y) 6= 0 for all y ∈ ∂Ω.(7)

Remark 1.1. If the coefficients of L̃y(λ) are real matrices then we may assume that

(X̃−(y), T̃−(y)) = (X̃+(y), T̃+(y)). Further, if the coefficients of B̃y(λ) are also real

matrices then we have ∆̃−
B (y) = ∆̃+

B (y); in that case (A,B) satisfies the L-condition
if and only if

det ∆̃+
B (y) 6= 0 for all y ∈ ∂Ω.

We now specialize the results of [Ro, §6 and §7] to elliptic systems in the plane.
Denote by

BE`,µ

the set of elliptic boundary problems (A,B) fulfilling the L-condition such that B
has the same order in all rows, mk = µ (k = 1, . . . , r). As before, if (A,Bi) ∈ BE`,µ,
i = 1, 2, are two boundary value problems with the same elliptic operator A such
that ∆+

B1
= ∆+

B2
, we write

(A,B1) ≈ (A,B2).

Theorem 1.2. Let At, 0 ≤ t ≤ 1, be a homotopy of elliptic operators in Ell`. If B
is a (differential) boundary operator satisfying the L-condition relative to A = A0

such that the principal part of B is homogeneous of degree `− 1 (in all rows), then

there exists a homotopy of boundary value problems (At,Bt) ∈ BE`,`−1, 0 ≤ t ≤ 1,
such that (A,B0) ≈ (A,B).

Proof. This is the same proof as in [Ro, Theorem 7.3], except that it is necessary
to verify that the boundary operators can be chosen to be differential operators.
By the remark after [Ro, Theorem 7.3], there exist (unique) r× p matrix functions
Bj(t, ·) on T ∗(∂Ω)\0 such that

`−1∑
j=0

Bj(t, ·)X±(t, ·)T j
±(t, ·) = ∆±

B .(8)

Since the DN numbers of B are m1 = · · · = mr = ` − 1 and t1 = · · · = tp = 0,
we have Bj(t, y, cξ

′) = c`−1−jBj(t, y, ξ
′), j = 0, . . . , ` − 1, for all c (positive and

negative). We let

Bt(y, ∂) =

`−1∑
j=0

Bj(t, y, τ(y))(∂/∂τ)
`−1−j(∂/∂n)j
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which is a differential operator. Since ∆±
Bt = ∆±

B then (At,Bt) satisfies the L-

condition, so we have constructed a homotopy (At,Bt) ∈ BE`,`−1. Also, by con-
struction, the principal parts of B0 and B are the same (see [Ro, Prop. 5.2]), thus
(A,B0) ≈ (A,B).

Remark 1.3. If the operators At and B have real matrix coefficients then we can
find Bt also with real matrix coefficients such that (At,Bt) satisfies the L-condition
for all t ∈ I. Indeed,

(X−(t, ·), T−(t, ·), Y−(t, ·)) = (X+(t, ·), T+(t, ·), Y+(t, ·)),
is a γ−-spectral triple of Lt,·(λ) and the solution of (8) (which does not depend on
the choice of (X±, T±)) can be written in the form

Bj(t, ·) = 2 Re{∆+
B ·

`−j−1∑
k=0

T k
+(t, ·)Y+(t, ·)Aj+k+1(t, ·)},

which is a real matrix function.

The same remark applies to the following theorem.

Theorem 1.4. Let (A,B) ∈ BE`,µ with µ ≥ `. Then

(A,B) ≈ (A, (∂/∂τ)µ−`+1R)(9)

for some (differential) boundary operator R such that (A,R) ∈ BE`,`−1. In fact,

since B is a differential operator there exists R with ∆̃±
R = ∆̃±

B .

Proof. This is just a restatement of [Ro, Theorem 6.3] for systems in the plane.

There exist unique r × p matrix functions R̃j on ∂Ω such that

`−1∑
j=0

Rj(y)X±T
j
± =

µ∑
j=0

Bj(y)X±T
j
±, y ∈ ∂Ω,(10)

that is,

[
R̃0 . . . R̃`−1

]
= ∆̃+

B ·
[
Ỹ+ . . . T̃ `−1

+ Ỹ+

] Z̃ + ∆̃−
B ·
[
Ỹ− . . . T̃ `−1

− Ỹ−
] Z̃.

It follows that the differential operator

R :=
`−1∑
j=0

R̃j(y)(∂/∂τ)
`−1−j(∂/∂n)j

satisfies (10), that is,

∆̃±
R = ∆̃±

B .

Since R is a differential operator and πR is homogeneous of degree ` − 1 we have
(A,R) ∈ BE`,`−1. The relation (9) follows since ∆̃± = ∆̃±

R = ∆̃±
B .

Remark. Equation (9) implies (A,B) is homotopic to (A, (∂/∂τ)µ−`+1R) in BE`,`−1

(for instance, consider a linear homotopy).
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2. The topological index

From now on we always assume that the region Ω is bounded and simply con-
nected. In this section we shall define the topological index of an elliptic boundary
problem (see Definition 2.5) but first we need to make a special choice of γ+-

spectral pair for the matrix polynomial L̃y(λ) of (1-2). Let A ∈ Ell` be an elliptic
operator with principal part πA(x, ξ) =

∑
|α|=`Aα(x)ξα, and consider the matrix

polynomial

Lx(λ) = πA(x, (1, λ)) =
∑̀
j=0

Aj(x)λj ,(1)

which has coefficients Aj(x) = A`−j,j(x) defined for all x ∈ Ω̄ (not just the bound-
ary). Due to ellipticity, detLx(λ) 6= 0 for real λ and the leading coefficient,
A`(x) = πA(x, (0, 1)), is invertible. The solution space of Lx(

1
i
d
dt)u = 0 is a

direct sum M+
Lx
⊕M−

Lx
, corresponding to the eigenvalues of Lx(λ) with Imλ > 0

and Imλ < 0, and we let M± denote the vector bundle over Ω̄ with fibers M±
Lx

.

Proposition 2.1. Let Ω be a bounded and simply connected region with C∞ bound-
ary. Then the vector bundles M+ and M− are trivial. Hence there exist admissible
pairs (X±, T±) over Ω̄ such that (X±(x), T±(x)) is a γ±-spectral pair of Lx(λ)
consisting of matrix functions with entries in C∞(Ω̄).

Proof. The coefficients of A can be extended smoothly to a neighbourhood Ω′ ⊃ Ω̄;
we may assume that Ω′ is also a simply connected region. Also, by continuity,
we may assume that det πA(x, ξ) 6= 0 for all x ∈ Ω′, ξ 6= 0. Thus we obtain a
vector bundle M± over Ω′ which is trivial since Ω′ is contractible. (In fact, by the
Riemann mapping theorem Ω′ is conformally equivalent to the open unit disc, see
[Ru, p. 283].) Hence its restriction to Ω̄ is also trivial. The last statement in the
proposition follows as in [Ro, Theorem 4.4].

Note that Lx(λ) is defined in terms of the basis (1, 0), (0, 1) for R2 whereas the

matrix polynomial L̃y(λ) of (1-2) is defined in terms of the basis τ(y), n(y). Writing
τ(y) = (τ1(y), τ2(y)) and n(y) = (−τ2(y), τ1(y)) we have

Ly(λ) = πA(y, τ(y) + λn(y))

=
∑̀
j=0

Aj(y)(τ1(y)− λτ2(y))
`−j(τ2(y) + λτ1(y))

j ,

where ϕ−1(λ) = (τ2 + λτ1)/(τ1− λτ2). Let (X±(y), T±(y)) be a γ±-spectral pair of
Ly(λ). Since ϕ maps the upper half-plane to itself, then one can show that

X̃±(y) = X±(y),

T̃±(y) = (τ1(y)T±(y)− τ2(y)I)(τ2(y)T±(y) + τ1(y)I)
−1

(2)

is a γ±-spectral pair of L̃y(λ) (see [WRL, §2.4]).

In the next proposition we assume that (A,B) ∈ BE`,µ, that is, the principal
part of the boundary operator B is homogeneous of degree µ in each row, πB(y, ξ) =∑

|α|=µBα(y)ξα. Analogous to the considerations for Lx(λ), there is the following
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r × p matrix polynomial

By(λ) = πB(y, (1, λ)) =

µ∑
j=0

Bj(y)λ
j , y ∈ ∂Ω,

where Bj(y) = Bµ−j,j(y). We let

∆±
B (y) =

µ∑
j=0

Bj(y)X±(y)T j
±(y),(3)

where (X±(y), T±(y)) is a γ±-spectral pair of Ly(λ), y ∈ ∂Ω. Note: It is important

that the reader distinguish the matrix functions ∆±
B (y) from ∆+

B (y, ξ′) which was
defined in (1-5).

Proposition 2.2. Let (X±(y), T±(y)) be γ±-spectral pairs of Ly(λ), and (X̃±(y),

T̃±(y)) be the corresponding γ±-spectral pairs of L̃y(λ) as defined by the equations
(2). Let B be a boundary operator whose principal part is homogeneous of degree µ.
Then

∆̃±
B (y) = ∆±

B (y) · (τ1(y)I + τ2(y)T±(y))−µ, y ∈ ∂Ω.

Hence det∆±
B (y) 6= 0 if and only if det ∆̃±

B (y) 6= 0.

The proof is left to the reader.

Corollary 2.3. Let the hypotheses be as in Proposition 2.2. Then the following
are equivalent for all y ∈ ∂Ω :

(i) u 7→ B̃y(
1
i
d
dt )u|t=0 from M±

L̃y
to Cr is invertible;

(ii) u 7→ By(
1
i
d
dt )u|t=0 from M±

Ly
to Cr is invertible.

Proof. In view of [Ro, Theorem 3.1], (i) and (ii) are equivalent to:

(i′) det ∆̃±
B (y) 6= 0, (ii′) det∆±

B (y) 6= 0,

and (i′) and (ii′) are equivalent by Proposition 2.2.

Proposition 2.1 has the following important consequence.

Theorem 2.4. Let Ω ⊂ R2 be a bounded and simply connected region with C∞

boundary. A properly elliptic operator A in Ω̄ always has a differential boundary
operator satisfying the L-condition.

Proof. Let A ∈ Ell`, choose (X±(x), T±(x)) as in Proposition 2.1, and then define
the spectral pair (2). There is a natural differential boundary operator associated

with the spectral pair (X̃±(y), T̃±(y)) since the system

`−1∑
j=0

B̃j(y)X̃±T̃
j
± = Ir,

where Ir denotes the r × r identity matrix, has the unique solution[
B̃0 . . . B̃`−1

]
=
[
Ỹ+ . . . T̃ `−1

+ Ỹ+

] Z̃ +
[
Ỹ− . . . T̃ `−1

− Ỹ−
] Z̃.

The boundary operator

Bo =

`−1∑
j=0

B̃j(y)(∂/∂τ)
`−1−j(∂/∂n)j
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therefore satisfies ∆̃±
Bo ≡ Ir and we have (A,Bo) ∈ BE`,`−1.

Let S1 denote the unit circle, and let f be a continuous nonvanishing complex-
valued function on S1, i.e. f ∈ C(S1,C∗) where C∗ = C\0. Then

f(eit)

| f(eit) | = eiθ(t)

for some real-valued θ ∈ C([0, 2π]), and the degree (or winding number) of f is
defined to be

deg f = [arg f(z)]S1 = (θ(2π) − θ(0))/2π.

Note that θ defines a continuous function on S1 only when deg f = 0, i.e. θ(2π) =
θ(0). The degree has the following multiplicative property

deg(f · g) = deg f + deg g.

In particular, deg(1/f) = − deg f . The degree of a function is locally constant; in
fact if

max
z∈S1

|g(z)− f(z)| < max
z∈S1

|f(z)|

then deg g = deg f . Let f, g ∈ C(S1,C∗). Then f and g are said to be homotopic
if there exists a continuous function F : S1 × I → C∗ such that F (·, 0) = f and
F (·, 1) = g, where I denotes the unit interval [0, 1]. If f and g are homotopic we
write f ∼ g. It is evident that if f1 ∼ f2 and g1 ∼ g2 then f1 · g1 ∼ f2 · g2. A
function f ∈ C(S1,C∗) is said to be null-homotopic if f ∼ 1, i.e. if it is homotopic
to the constant function 1. A function f ∈ C(S1,C∗) is null-homotopic if and only
if it has degree 0. Any nonzero constant function is obviously null-homotopic. Also,
any real-valued function f ∈ C(S1,R∗) is null-homotopic.

As in the proof of Proposition 2.1, there exists an orientation-preserving diffeo-
morphism ϕ from the closed unit disc to Ω̄. Then the degree of a nonvanishing
continuous function f ∈ C(∂Ω) is defined to be deg(f ◦ϕ), where the degree on S1

is defined as above. Note that the degree is independent of the choice of ϕ; in the
sequel we also use the notation

deg(f ◦ ϕ) =: [arg f(y)]∂Ω.

Now we consider matrix functions. Let M : S1 → GLr(C) be a continuous matrix
function, where GLr(C) denotes the group of invertible r×r matrices with complex
entries. The degree of M is defined to be the degree of the complex-valued function
detM ,

degM = [arg detM(z)]S1 .

As with scalar functions, two continuous r×r matrix functions on S1 with invertible
values are homotopic if and only if their degrees coincide.

Finally, if M is a continuous r × r matrix function on ∂Ω with nonvanishing
determinant then the degree of M is defined to be the degree of the complex-valued
function detM , i.e. [arg detM(y)]∂Ω .

Now we write down the definition of the topological index of an elliptic boundary
problem. This requires us to choose a C∞ matrix γ±-spectral pair (X±(x), T±(x))
of Lx(λ), x ∈ Ω̄, as in Proposition 2.1. The definition, however, does not actually
depend on the choice of such a pair (see Lemma 2.7).
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Definition 2.5. The topological index of a boundary value problem (A,B) is de-
fined as follows:

inds(A,B) = r(2 − `)− 1

2π
[arg det ∆̃+

B (y)]∂Ω +
1

2π
[arg det ∆̃−

B (y)]∂Ω

where (X±(x),T±(x)), x∈Ω̄, is chosen as in Proposition 2.1, and then (X̃±(y), T̃±(y)),

y ∈ ∂Ω, is defined by the transformation (2) and ∆̃±
B (y) is defined by (1-4).

At first sight it might appear that the definition of inds(A,B) depends only on
the value of the coefficients of A on the boundary ∂Ω, but in fact the choice of
(X+, T+) and hence of (X̃+, T̃+) depends on the coefficients throughout the region

Ω̄. If the operators A and B have real coefficients, we may assume ∆̃−(y) = ∆̃+(y)
(see Remark 1.1) and then

inds(A,B) = r(2 − `)− 1

π
[arg det ∆̃+

B (y)]∂Ω.(4)

The next two lemmas show that inds(A,B) is well-defined, independent of the
choice of γ±-spectral pairs.

Lemma 2.6. If (A,B) ∈ BE`,µ, i.e. the principal part of the boundary operator B
is homogeneous of degree µ in all rows, then the quantity

[arg det∆±
B (y)]∂Ω

is independent of the choice of a C∞ matrix γ±-spectral pair (X±(x), T±(x)) of
Lx(λ), x ∈ Ω̄, where ∆±

B (y) is defined by (3).

Proof. Let (Xo±(x), T o±(x)) be another γ±-spectral pair of Lx(λ), x ∈ Ω̄, consisting

of matrix functions with entries in C∞(Ω̄). It can be shown that γ±-spectral pairs
are unique up to similarity; in fact it follows from [WRL, Proposition 2.12] that

Xo
±(x) = X±(x)M(x), T o

±(x) = M−1(x)T±(x)M(x)

for some matrix function M with entries in C∞(Ω̄) such that detM(x) 6= 0 for all
x ∈ Ω̄. For the sake of brevity we write ∆± = ∆±

B . Then

∆o
±(y) = ∆±(y)M(y) for all y ∈ ∂Ω,

and it follows that

[arg det∆o
±(y)]∂Ω = [arg det∆±(y)]∂Ω + [arg detM(y)]∂Ω.

As in the proof of Proposition 2.1, Ω̄ is contractible to a point x0 ∈ Ω̄, whence
the function detM(x), x ∈ Ω̄, is homotopic to a constant. Its restriction to ∂Ω is
therefore homotopic to a constant function, thus

[arg detM(y)]∂Ω = 0,

as was to be shown.

The following lemma is another version of Lemma 2.6 for which there is no special
assumption on the orders of the rows of the boundary operator.

Lemma 2.7. Let the γ±-spectral pair (X̃±(y), T̃±(y)) of L̃y(λ) be defined by the

transformation (2), and then define ∆̃±
B (y) by (1-4). Then the quantity

[arg det ∆̃±
B (y)]∂Ω

is independent of the choice of the C∞ matrix γ±-spectral pair (X±(x), T±(x)) of
Lx(λ), x ∈ Ω̄.
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Proof. The boundary operator has the form (1-1b). Now we operate on B with
tangential derivatives to make the order the same in each row:

B′ = [(∂/∂τ)µ−mk
∑

|α|≤mk
bk(y)∂

α
]r
k=1

,(5)

where µ = maxkmk and ∂/∂τ = τ1(y)·∂/∂x1+τ2(y)·∂/∂x2 . Let us write ∆̃± = ∆̃±
B

and ∆̃′± = ∆̃±
B′ . For the matrix polynomials associated with the boundary operators

B′ and B, we clearly have B̃′
y(λ) = B̃y(λ). Thus ∆̃′

±(y) = ∆̃±(y), which has nonzero
determinant for all y ∈ ∂Ω, so B′ also satisfies the L-condition. Due to Proposition
2.2 we have

[arg det ∆̃±(y)]∂Ω = [arg det∆′
±(y)]∂Ω − µ[arg det(τ1(y)I + τ2(y)T±(y))]∂Ω

Since the spectrum of T+ lies in the upper half-plane, the same is true of
tiI + (1− t)T+ for 0 ≤ t ≤ 1, and therefore

H(y, t) = τ1(y)I + τ2(y){tiI + (1− t)T+(y)}, y ∈ ∂Ω, t ∈ I,

defines a homotopy ∂Ω × I → GLr(C). The winding number of a continuous
function is locally constant, whence

1

2π
[arg det(τ1(y)I + τ2(y)T+(y))]∂Ω =

1

2π
[arg det(τ1(y)I + τ2(y)iI)]∂Ω = r.

Similarly, since the spectrum of T− lies in the lower half-plane, we find that

1

2π
[arg det(τ1(y)I + τ2(y)T−(y))]∂Ω = −r.

Thus

1

2π
[arg det ∆̃+(y)]∂Ω =

1

2π
[arg det∆′

+(y)]∂Ω − rµ

and

1

2π
[arg det ∆̃−(y)]∂Ω =

1

2π
[arg det∆′

−(y)]∂Ω + rµ.

According to Lemma 2.6, the quantity [arg det∆′
±(y)]∂Ω is independent of the

choice of (X±, T±); hence the same is true of [arg det ∆̃±(y)]∂Ω .

3. A simple form for first-order elliptic systems

with real coefficients

Consider a first-order elliptic boundary value problem (BVP) in the plane

∂u

∂x2
−A(x)

∂u

∂x1
+A0(x)u = f(x), x = (x1, x2) ∈ Ω,(1a)

B(y)u = g(y), y ∈ ∂Ω,(1b)

where A(x) and A0(x) are real 2r×2r matrix functions with entries in C∞(Ω̄), and
B(y) is a real r × 2r matrix function with entries in C∞(∂Ω). The region Ω ⊂ R2

is bounded and simply connected, with smooth boundary.
Any elliptic operator A where the principal part is homogeneous of order 1 can

be written in the form (1a). Indeed, the principal part πA(x, ξ) is invertible for all
x ∈ Ω̄, 0 6= ξ ∈ R2, and letting ξ = (0, 1) we see that the coefficient of ∂/∂x2 is
invertible for all x ∈ Ω̄.
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The BVP (1a), (1b) is elliptic if det(Iλ − A(x)) 6= 0 for all x ∈ Ω̄, λ ∈ R, and
satisfies the Lopatinskii condition if the r × 2r Lopatinskii matrix

B(y) ·
∫
γ+

(Iλ−A(y))−1 dλ

has rank r for all y ∈ ∂Ω, where the integral is taken along a simple, closed contour
γ+ in the half-plane Imλ > 0 containing the zeros of det(Iλ−A(y)) there.

In that case, the linear operator

(A,B) : W 1
2 (Ω,R2r) −→ L2(Ω,R2r)×W

1/2
2 (∂Ω,Rr),

defined by u 7→ (∂u/∂x2 − A∂u/∂x1 + A0u,Bu), is Fredholm. Since the index of
Fredholm operators in Banach spaces is locally constant, then ind(A,B) depends
only on the principal part of A, that is,

ind(A,B) = ind(πA,B),

because one can replace the coefficient A0(x) by tA0(x), 0 ≤ t ≤ 1, giving a homo-
topy between (A,B) and (πA,B). Thus, for the purpose of determining the index
we may assume that A0 = 0.

Remark. Since A and B have real matrix coefficients, there is no loss of generality
in considering solutions u which are real vector functions rather than complex (just
take real and imaginary parts of u). This does not affect the index.

The following lemma is used in §4 to transform the 2r × 2r real system (1a),
(1b) into a generalized Riemann-Hilbert problem (an r × r complex system). The
index for this new problem is easy to determine since it is homotopic to a diagonal
system of r (scalar) Riemann-Hilbert problems. Then we derive a formula for the
index of (A,B).

Lemma 3.1. Let A be a 2r × 2r real matrix such that sp(A) ∩ R = ∅. Then there
exists a real invertible 2r × 2r matrix Q such that

Q−1AQ =

(
A1 −A2

A2 A1

)
(2)

where A1, A2 are real r × r matrices such that sp(A1 + iA2) lies in the upper half-
plane.

Proof. Write C2r = M+ ⊕M−, where M± are the invariant subspaces of A corre-
sponding to the eigenvalues in the upper and lower half-planes, respectively. Since
A has real coefficients, there is a one-to-one correspondence between M+ and M−
given by conjugation.

Let X+ be a 2r× r matrix whose columns form a basis of M+; then the columns
of X+ form a basis of M− = M+. Let T+ be the unique r × r matrix such that
AX+ = X+T+. Then,

A
[
X+ X+

]
=
[
AX+ AX+

]
=
[
X+T+ X+T+

]
=
[
X+ X+

](T+

T+

)
.

(3)

Thus the columns of the 2r×2r matrix
[
X+ X+

]
form a basis of C2r and relative

to this basis A is block diagonal.



3160 B. ROWLEY

Now write T+ = A1 + iA2, where A1, A2 are real r× r matrices. By Lemma 6.1
(see below), we have(

A1 −A2

A2 A1

)
=

(
I I
−iI iI

)(
T+

T+

)(
I I
−iI iI

)−1

,(4)

where I is the r × r identity matrix. Let

Q =
[
X+ X+

]( I I
−iI iI

)−1

then (2) follows from (3) and (4). Note that the entries of Q are real since

Q =
[
X+ X+

] · 1

2

(
I iI
I −iI

)
=
[
ReX+ − ImX+

]
where ReX+ = 1

2 (X++X+) and ImX+ = 1
2i(X+−X+) are the real and imaginary

parts of X+, respectively. Also sp(T+) = sp(A|M+
) which lies in the upper half-

plane.

Remark. It should be noted that, as usual, in linear algebra the notation sp(A)
in the statement of Lemma 3.1 refers to the spectrum of the matrix polynomial
L(λ) = Iλ−A. In the proof of Lemma 3.1, (X+, T+) is actually a γ+-spectral pair
of L(λ). Moreover, if we define

X =
[
X+ X+

]
, T =

(
T+

T+

)
, Y =

(
Y+

Y +

)
then (X,T, Y ) is a standard triple of L(λ). This follows from the next lemma.

Lemma 3.2. Let A be any n× n matrix. Let X,T and Y also be n× n matrices.
Then (X,T, Y ) is a standard triple of L(λ) = Iλ−A if and only if X is invertible,
AX = XT , and X−1 = Y.

Proof. See [Ro, Definition 2.15].

Lemma 3.3. Let A1, A2 be real r × r matrices such that sp(A1 + iA2) lies in the
upper half-plane, and consider the 2r× 2r matrix polynomial L(λ) = Iλ−A, where

A =

(
A1 −A2

A2 A1

)
.

Then sp(L) ∩ R = ∅ and L(λ) has the following standard triple:

X =

(
I I
−iI iI

)
, T =

(
A1 + iA2

A1 − iA2

)
, Y =

1

2

(
I iI
I −iI

)
.

Proof. Let T+ = A1 + iA2. In view of (4) we have

detL(λ) =| det(Iλ− T+) |2 6= 0

for real λ. By direct computation we also have AX = XT and X−1 = Y , so
(X,T, Y ) is a standard triple of L(λ).

Corollary 3.4. Under the hypotheses of Lemma 3.3, L(λ) has the following γ+-
spectral triple:

(X+, T+, Y+) = (

(
I
−iI

)
, A1 + iA2,

1
2

[
I iI

]
).
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We return now to the BVP (1a), (1b). Let Lx(λ) = Iλ − A(x). By Proposition
2.1 there exists a γ+-spectral pair (X+(x), T+(x)) of Lx(λ) consisting of matrices
with entries that are in C∞(Ω̄), where the dimensions of X+ and T+ are 2r× r and
r × r, respectively. Then A(x)X+(x) = X+(x)T+(x) and if we let

Q(x) =
[
X+(x) X+(x)

] ( I I
−iI iI

)−1

,(5)

the proof of Lemma 3.1 shows that

Q−1(x)A(x)Q(x) =

(
A1(x) −A2(x)
A2(x) A1(x)

)
, x ∈ Ω̄,

where A1, A2 are C∞ real r×r matrix functions on Ω̄ and the spectrum of T+(x) =
A1(x) + iA2(x) lies in the upper half-plane for all x ∈ Ω̄. Let u = Q · v, then BVP
(1) takes the form

∂v

∂x2
− Ã

∂v

∂x1
+ Ã0v = f(x), x ∈ Ω,(1̃a)

B̃(y)v = g(y), y ∈ ∂Ω,(1̃b)

where Ã0 = Q−1A0Q+∂Q/∂x2−A∂Q/∂x1, Ã = Q−1AQ, B̃ = BQ and f̃ = Q−1f .
For the purpose of determining an index formula, we may of course assume that
the lower order terms in (1̃) are 0, that is, Ã0 = 0.

Let (A,B) and (Ã, B̃) denote the boundary value problems (1) and (1̃), respec-

tively. Let us compare the L-condition for (A,B) with that for (Ã, B̃). First of
all, ∫

γ+

B̃(y)(Iλ − Ã(y))−1 dλ =

∫
γ+

B(y)(Iλ −A(y))−1 dλ ·Q(y).(6)

From this equation we see that (A,B) satisfies the L-condition if and only if (Ã, B̃)
satisfies the L-condition. Further, observe that (6) may be written as

B̃(y)P̃+(y) = B(y)P+(y)Q(y),

where P̃+(y) and P+(y) are the Riesz projectors for Ã(y) and A(y) with respect
to the eigenvalues in the upper half-plane. Then multiplying both sides of this

equation on the right by

(
I I
−iI iI

)
and using (5) we obtain

B̃(y)P̃+(y) ·
[
X̃+(y) X̃+(y)

]
= B(y)P+(y) · [X+(y) X+(y)

]
,

where X̃+(y) =

(
I
−iI

)
; see Corollary 3.4. Hence

B̃(y) · [X̃+(y) 0
]

= B(y) · [X+(y) 0
]

that is,

B̃(y)X̃+(y) = B(y)X+(y).

Writing B̃(y) =
[
B1(y) B2(y)

]
, where B1, B2 are real r× r matrix functions, then

B̃(y)X̃+(y) equals B1(y)− iB2(y), and we have proved the following lemma.
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Lemma 3.5. The boundary value problem (A,B) satisfies the L-condition if and

only if (Ã, B̃) also satisfies the L-condition. This condition can be stated in two
equivalent ways:

detB(y)X+(y) 6= 0 for all y ∈ ∂Ω

or

det(B1(y)− iB2(y)) 6= 0 for all y ∈ ∂Ω,

where B̃(y) =
[
B1(y) B2(y)

]
.

The first condition can be written out in a more explicit manner. Let qk(y), k =
1, . . . , r, denote the columns of X+(y) and let bj(y), j = 1, . . . , r, be the rows of
B(y). Then the BVP (1) satisfies the L-condition if and only if

det[bj(y) · qk(y)]rj,k=1 6= 0 for all y ∈ ∂Ω.

By taking complex conjugates, we could also write the second condition of Lemma
3.5 as

det(B1(y) + iB2(y)) 6= 0.

4. The index formula for first-order elliptic systems

with real coefficients

In this section we prove an index formula due to Vol′pert for first-order elliptic
systems, by starting from the formula for the index of the Riemann-Hilbert problem
(see the introduction).

Let Ai and Bi (i = 1, 2) be smooth r × r real matrix functions on Ω̄ and ∂Ω,
respectively, and suppose that the spectrum of A1(x) + iA2(x) lies in the upper
half-plane for all x ∈ Ω̄, and that det(B1(y) + iB2(y)) 6= 0 for all y ∈ ∂Ω. We call
the following boundary value problem for the Cr-valued function w,

∂w

∂x2
− (A1 + iA2)

∂w

∂x1
= f(x), x ∈ Ω,

Re(B1(y)− iB2(y))w = g(y), y ∈ ∂Ω,
(1)

where f = f1 + if2 and g is real-valued, a generalized Riemann-Hilbert problem.

Lemma 4.1. Consider the real 2r×2r boundary value problem for v =
[
v1 v2

]T
,

∂v

∂x2
−
(
A1 −A2

A2 A1

)
∂v

∂x1
=

(
f1(x)
f2(x)

)
, x ∈ Ω,[

B1(y) B2(y)
]
v = g(y), y ∈ ∂Ω.

(2)

There is a one-to-one correspondence between solutions of (2) and (1) given by[
v1 v2

]T 7→ w = v1 + iv2.

Proof. This is an easy consequence of the formula (3-4) and the fact that

1

2

(
w
w̄

)
=

(
I I
−iI iI

)−1(
v1
v2

)
.

Left multiplication of the system (2) by

(
I I
−iI iI

)−1

gives

∂

∂x2

(
w
w̄

)
−
(
A1 + iA2

A1 −A2

)
∂

∂x1

(
w
w̄

)
=

(
f(x)
f̄(x)

)
,
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which is just two copies of ∂w
∂x2

−(A1+iA2)
∂w
∂x1

= f(x), and the boundary conditions

in (2) may be written as

1

2

[
B1(y) B2(y)

] ( I I
−iI iI

)(
w
w̄

)
= g(y),

that is, Re(B1(y) − iB2(y))w = g(y). Conversely, if the function w satisfies (1)

then v =
[
v1 v2

]T
, where v1 = (w+ w̄)/2 and v2 = (w− w̄)/2i, satisfies (2). This

establishes the one-to-one correspondence between solutions of the two problems.

We call the boundary problem (2) the real form of the Riemann-Hilbert problem
(1). Note that by Lemma 3.3, we have

det

(
I2rλ−

(
A1 −A2

A2 A1

))
= | det(Irλ− (A1 + iA2))|2 6= 0 for real λ,

so (2) is elliptic. Since det(B1(y) − iB2(y)) 6= 0 for all y ∈ ∂Ω, then it also
satisfies the L-condition (Lemma 3.5). Hence the boundary problem (2) has a finite
dimensional kernel and cokernel, and the same is therefore true of the Riemann-
Hilbert problem (1). (We leave the verification of this fact to the reader.)

Let (A,Re(B·)) denote the boundary problem (1), i.e. A = ∂/∂x2 −
(A1 + iA2)∂/∂x1 and B = B1 − iB2. Now we construct a homotopy of elliptic
operators A. Since the spectrum of A1 + iA2 is contained in the upper half-plane,
the same is true of t(A1 + iA2) + (1 − t)iI when 0 ≤ t ≤ 1. The operator

A(t) = ∂/∂x2 − (t(A1 + iA2) + (1− t)iI)∂/∂x1, 0 ≤ t ≤ 1,

is therefore elliptic, and the index, ind(A(t),Re(B·)), is independent of t. With
t = 1 and t = 0, it follows that

ind(A,Re(B·)) = ind(−2i∂/∂z̄,Re(B·)).
Thus we have reduced the calculation of the index to the following boundary prob-
lem:

∂w

∂z̄
= h(z), z = x1 + ix2 ∈ Ω,

ReB(y)w = g(y), y ∈ ∂Ω,
(3)

where B ∈ C∞(∂Ω, r × r) and detB(y) 6= 0 for all y ∈ ∂Ω.

Theorem 4.2. The Riemann-Hilbert problem (3) has index

ind(∂/∂z̄,Re(B·)) = − 1

π
[arg detB(y)]∂Ω + r.(4)

Proof. If the matrix B(y) were diagonal, then (3) would be a diagonal system of r
scalar Riemann-Hilbert problems. Then (4) would follow directly from the index
formula for the Riemann-Hilbert problem (see the introduction), by induction on
the dimension r of the system. However, the matrix function B : ∂Ω → GLr(C) is
homotopic to 

detB(y)
1

. . .

1

 ,

so the theorem follows at once.
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Collecting all the preceding results, in particular, the system (2), Lemma 4.1 and
Theorem 4.2, we obtain the index formula for first-order elliptic systems with real
coefficients. Note that, by virtue of Lemma 2.6, the quantity [arg detB(y)X+(y)]∂Ω

does not depend on the choice of γ+-spectral pair (X+(x), T+(x)), x ∈ Ω̄.

Theorem 4.3. The index of the boundary value problem (1a), (1b) of §3 is

ind(A,B) = − 1

π
[arg detB(y)X+(y)]∂Ω + r,

where X+(x) is a 2r×r matrix function depending smoothly on x ∈ Ω̄ whose columns
form a basis for the invariant subspace of A(x) corresponding to the eigenvalues with
positive imaginary part.

5. Index formulas for higher-order systems with real coefficients

In this section we suppose that A is an elliptic operator with principal part ho-
mogeneous of degree `, and that the boundary operator B is a differential operator.
In the first part of this section we also suppose that the principal part of B in each
row is equal to the same number µ; that is, with the notation of §1, (A,B) ∈ BE`,µ.
For the moment we also assume that µ ≤ `− 1.

We will derive a formula for the index of (A,B) by reformulating (πA, πB) as a
first-order system and then applying Theorem 4.3. In view of §6 we may suppose
that A and B have matrix coefficients with real entries. Let

Lx(λ) = πA(x, (1, λ)) =
∑̀
j=0

Aj(x)λj , x ∈ Ω̄.

Since A is elliptic, then A`(x) = πA(x, (0, 1)) is invertible for all x ∈ Ω̄. By
considering the operator A−1

` A, we may assume that A` ≡ I, that is, Lx(λ) is
monic. Also we let

By(λ) = πB(y, (1, λ)) =
`−1∑
j=0

Bj(y)λ
j , y ∈ ∂Ω.

Recall from §1 and Proposition 2.2 that (A,B) satisfies the L-condition if and only
if det∆+

B (y) 6= 0, where

∆+
B (y) =

`−1∑
j=0

Bj(y)X+(y)T j
+(y).(1)

As usual, we let (X+(x), T+(x)) be a γ+-spectral pair of Lx(λ) consisting of smooth
matrix functions on Ω̄. To reformulate (πA, πB) as a first-order system, let

vj =
∂`−1u

∂x`−1−j
1 ∂xj2

, j = 0, ..., `− 1,(2)

so that the equation πA(x, ∂/∂x)u = f(x) takes the form

∂v`−1

∂x2
+A`−1(x)

∂v`−1

∂x1
+ · · ·+A0(x)

∂v0
∂x1

= f(x),(3)

and there are the “compatibility conditions”

∂vj
∂x2

=
∂vj+1

∂x1
, j = 0, . . . , `− 2.(4)
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Thus, we obtain the first-order system

Ã(x, ∂/∂x)v =
∂v

∂x2
− C1(x)

∂v

∂x1
= F (x), x ∈ Ω.(5a)

where v =
[
v0 . . . v`−1

]T
and F =

[
0 . . . 0 f

]T
are p`-vector functions and

C1(x) is the companion matrix for Lx(λ):

C1 =


0 I
0 0 I
...

...
. . .

0 0 I
−A0 −A1 . . . −A`−1

 .

Note that A is elliptic if and only if Ã is elliptic, since detLx(λ) = det(Iλ−C1(x)).
If µ = `− 1 the boundary conditions πB(y, ∂/∂x)u = g(y) take the form

B̃(y)v = g(y), y ∈ ∂Ω,(5b)

where B̃ =
[
B0 B1 . . . B`−1

]
, a r×p` matrix function. Then (1) can be written

in the form

∆+
B (y) = B̃ · col(X+(y)T j

+(y))`−1
j=0.(6)

Now we are ready to prove the first version of the index formula (for real coef-
ficients). At first sight it might appear that (7) implies that the index of (A,B)
depends only on the values of the coefficients of A on the boundary ∂Ω, but in fact
the choice of (X+, T+), and hence ∆+

B , depends on the coefficients throughout the
region Ω̄.

Theorem 5.1. Let the hypotheses be as stated above: (A,B) ∈ BE`,µ (for arbitrary
µ ) and the boundary value problem operators A and B have real matrix coefficients.
Then

ind(A,B) = − 1

π
[arg det∆+

B (y)]∂Ω + r(2µ+ 2− `).(7)

Proof. Without loss of generality (A,B) = (πA, πB), that is, A contains no deriva-
tives of order < ` and B no derivatives of order < µ. We prove the theorem in four
steps: (1) µ = ` − 1, and the operator A has constant coefficients; (2) µ = ` − 1,
for general A; (3) µ < `− 1; and (4) µ ≥ `.

Step 1. We reformulate (A,B) as the first-order boundary value problem (5a),

(5b) and apply Theorem 4.3 to (Ã, B̃). Note that the columns of

col(X+(x)T j
+(x))`−1

j=0

form a basis for the invariant subspace of C1(x) corresponding to the eigenvalues
with positive imaginary part. Thus by Theorem 4.3 and (6)

ind(Ã, B̃) = r − 1

π
[arg det B̃(y) · col(X+(x)T j

+(x))`−1
j=0 ]∂Ω(8)

= r − 1

π
[arg det∆+

B (y)]∂Ω.

We have the operators (A,B) : W `
2 (Ω,Rp) → L2(Ω,Rp)×W 1/2

2 (∂Ω,Rr) and (Ã, B̃) :

W 1
2 (Ω,Rp`) → L2(Ω,Rp`)×W 1/2

2 (∂Ω,Rr), and to complete the proof of (7) we must
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show that

ind(A,B) = ind(Ã, B̃) + r(` − 1).(9)

There is a map Φ from ker(A,B) to ker(Ã, B̃) given by u 7→ v =
[
v0 · · · v`−1

]T
,

where vj are defined by (2). Now, Φ is surjective for if Ãv = 0 and B̃(y)v = 0 then,
by Weyl’s lemma, v ∈ C∞(Ω̄,Rp`); since (4) holds and Ω̄ is contractible, then, by
Lemma 5.2, there exists u ∈ C∞(Ω̄,Rp) such that (2) holds. Moreover, the kernel
of Φ is the subspace P of all Rp-valued polynomials u of degree ≤ `− 2,

u(x1, x2) =

`−2∑
j+k=0

cjkx
j
1x

k
2 ,

where cjk ∈ Rp are constants. Since the number of linearly independent monomials

of the form cjkx
j
1x

k
2 , j + k ≤ `− 2, is equal to 1 + 2 + · · ·+ (`− 1) = (`− 1)`/2, it

follows that

dimP = p · `(`− 1)

2
= r(` − 1).

Hence ker(A,B)/P ∼= ker(Ã, B̃), so that

dim ker(A,B) = dim ker(Ã, B̃) + r(` − 1)(10)

At this point we wish to apply Lemma 5.3. The operator Ã : W `
2 (Ω,Rp`) →

L2(Ω,Rp`) is surjective for if F ∈ C∞(Ω̄,Rp`) we can extend F to C∞
0 (R2,Rp`) and

then let u = E ∗ F where E is a fundamental solution of Ã; it follows that im Ã ⊃
C∞(Ω̄,Rp`). In virtue of Lemma 5.4 the image of Ã has finite codimension—

because this is true of the image of (Ã, B̃)—hence it must be closed. Hence Ã
is surjective because we have shown that the image of Ã is closed and dense in
L2(Ω,Rp`). Similarly A : W `

2 (Ω,Rp) → L2(Ω,Rp) is surjective. Indeed, this can

be derived from the surjectivity of Ã for if f ∈ C∞(Ω̄,Rp) then there exists v =[
v0 . . . v`−1

]T ∈ C∞(Ω̄,Rp`) such that Ãv = F =
[
0 . . . 0 f

]T
, then v

satisfies (3), (4), and due to Lemma 5.2, there exists u ∈ C∞(Ω̄,Rp) such that (2)
holds, whence Au = f . Hence

ind(A,B) = ind(B|kerA), by Lemma 5.3

= ind(B̃|kerA1
) + r(` − 1), see (10)

= ind(Ã, B̃) + r(` − 1), by Lemma 5.3

and then (8) implies

ind(A,B) = − 1

π
[arg det∆+

B (y)]∂Ω + r`,(11)

which is the formula (7) for the case µ = `− 1.
Step 2. It follows from the proof of Proposition 2.1 that Ω̄ is contractible, i.e.

there exists a smooth map ϕ : Ω̄ × I → Ω̄ such that ϕ(x, 0) = x0 and ϕ(x, 1) = x
for all x ∈ Ω̄, where x0 is a fixed point in Ω̄. Consider now the following homotopy
of elliptic operators:

At(x, ∂/∂x) = A(ϕ(x, t), ∂/∂x), 0 ≤ t ≤ 1.

Note that A1 = A, andA0 has constant coefficients. In view of Proposition 1.2 there
exists a homotopy (At,Bt), 0 ≤ t ≤ 1, of elliptic BVP’s such that (A1,B1) = (A,B).
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Since the index is locally constant, we obtain ind(A,B) = ind(A0,B0). By Step 1,
we see that (11) holds for (A0,B0). Thus it also holds for (A,B), since the winding
number is locally constant and by Lemma 10.22 there exists a γ+-spectral pair
(X+, T+) for L(λ) = πAt(x, (1, λ)) which depends smoothly on t.

Step 3. Suppose now that µ < `−1. We then operate on the boundary operator
B with tangential derivatives to increase its order to `− 1:

B′ = (∂/∂τ)`−1−µ ◦ B,
where ∂/∂τ = τ1∂/∂x1 + τ2∂/∂x2 . Corresponding to (1), let

B′
y(λ) = πB′(y, (1, λ)) =

`−1∑
j=0

B′
j(y)λ

j , ∆+
B′(y) =

`−1∑
j=0

B′
j(y)X+(y)T j

+(y).

Since

B′
y(λ) = (τ1(y) + τ2(y)λ)`−1−µBy(λ),

then

∆+
B′(y) = ∆+

B (y)(τ1(y)I + τ2(y)T+(y))`−1−µ.(12)

It follows that det∆+
B′(y) 6= 0 if and only if det∆+(y) 6= 0 since the spectrum,

sp(T+(y)), lies in the upper half-plane. Hence (A,B′) satisfies the L-condition.
From (12) we see that

[arg det∆+
B′(y)]∂Ω = [arg det∆+

B (y)]∂Ω + (` − 1− µ)[arg det(τ1I + τ2T+)]∂Ω

and, since 1
2π [arg det(τ1(y)I + τ2(y)T+(y))]∂Ω = r, we obtain

1

π
[arg det∆+

B′(y)]∂Ω =
1

π
[arg det∆+

B (y)]∂Ω + 2r(`− 1− µ).(13)

Thus, to complete the proof of (7), it suffices to show that ind(A,B′) = ind(A,B).

Consider the tangential derivative ∂/∂τ as an operator from W k+1
2 (∂Ω) to W k

2 (∂Ω)
for k ≥ 0. This operator has index 0, because the kernel of ∂/∂τ is one-dimensional,
consisting of the constant functions on ∂Ω, and the image of ∂/∂τ has codimension
1, consisting of the functions g ∈ W k

2 (∂Ω) such that
∫
g = 0; therefore, ind(∂/∂τ) =

1− 1 = 0. It follows that the operator

Ψ : W `
2 (Ω,Rp)×W

`−µ−1/2
2 (∂Ω,Rr) −→W `

2 (Ω,Rp)×W
1/2
2 (∂Ω,Rr)

defined by Ψ(f, g) = (f, (∂/∂τ)`−1−µg) is a composition of ` − 1 − µ Fredholm
operators, so Ψ is also Fredholm, with index 0. Then, since (A,B′) = Ψ ◦ (A,B),
we obtain that ind(A,B′) = ind Ψ + ind(A,B) = ind(A,B). Consequently, by (11)
and (13)

ind(A,B) = ind(A,B′)
= − 1

π
[arg det∆+

B′(y)]∂Ω + r`

= − 1

π
[arg det∆+

B (y)]∂Ω + r(2µ+ 2− `).

Step 4. Suppose that µ ≥ `. (A,B) is homotopic to (A, (∂/∂τ)µ−`+1R), where

(A,R) ∈ BE`,`−1 and ∆̃+
R = ∆̃+

B by Theorem 1.4. We then have

∆+
R(y) = ∆+

B (y) · (τ1(y) + τ2(y)T+(y))`−1−µ,(14)
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for y ∈ ∂Ω (see Proposition 2.2). Hence

ind(A,B) = ind(A,R)

= − 1

π
[arg det∆+

R(y)]∂Ω + r`

= − 1

π
[arg det∆+

B (y)]∂Ω − 2r(`− 1− µ) + r`, by (14)

= − 1

π
[arg det∆+

B (y)]∂Ω + r(2µ+ 2− `),

so that formula (7) holds for (A,B). This completes the proof of the theorem.

Now we turn to the proof of the three lemmas which were used in the proof of
Theorem 5.1.

Lemma 5.2. Let v0, . . . , v`−1 ∈ C∞(Ω̄), ` ≥ 2, such that

∂vj
∂x2

=
∂vj+1

∂x1
, j = 0, ..., `− 2.(15)

Then there exists u ∈ C∞(Ω̄) such that

∂`−1u

∂x`−1−j
1 ∂xj2

= vj , j = 0, ..., `− 1.(16)

Proof. Since Ω̄ is contractible then, by the Poincaré Lemma, every closed form on
Ω̄ is exact. The lemma may be proved by induction on the number `.

Lemma 5.3. Let E,E1 and E2 be Banach spaces. Let A : E → E1 and B :
E → E2 be bounded linear operators. Let A0 = A|kerB. If B is surjective then the
following are equivalent:

(i) The operator (A,B) from E to E1 × E2 is Fredholm;
(ii) The operator A0 from kerB to E1 is Fredholm.

If (A,B) and A0 are Fredholm operators then ind(A,B) = indA0. (An analogous
result is true if the roles of A and B are interchanged.)

Proof. The operators (A,B) and A0 have the same kernel. Also note that f ∈ imA0

if and only if (f, 0) ∈ im(A,B), so the map f 7→ (f, 0) induces a map

E1/ imA0 −→ (E1 × E2)/ im(A,B)(17)

which is injective. Hence

codim imA0 ≤ codim im(A,B).

If (i) holds then codim im(A,B) <∞ and thus codim imA0 <∞ also. Since imA0

has finite codimension it is closed and therefore (i) implies (ii). Conversely suppose
(ii) holds. Let (f, g) 6∈ im(A,B). Since B is surjective there exists u ∈ E such that
Bu = g, then

(f, g) = (f −Au, 0) + (Au,Bu)

which implies that the map (17) is surjective. Hence

codim im(A,B) ≤ codim imA0,

so (ii) implies (i). In general we see that im(A,B) and imA0 have the same codi-
mension, that is, either both dimensions are infinite or both are finite and equal.
The last statement is now clear.
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We can also prove a more general result. Recall that for any Fredholm operator
A, we denote the dimension of its kernel by αA and the codimension of its image
by βA, and the index is defined by indA = αA − βA.

Lemma 5.4. Let E,E1 and E2 be Banach spaces. Let A : E → E1 and B : E →
E2 be bounded linear operators. Let A0 = A|kerB and B0 = B|kerA. Then the
following are equivalent:

(i) The image of the operator L = (A,B) : E → E1 ×E2 has finite codimension;
(ii) The images of the operator A and of B0 have finite codimension;
(iii) The images of the operator A0 and of B have finite codimension.

If any of (i), (ii), or (iii) hold then

βL = βA + βB0 = βA0 + βB.(18)

Since αL = αA0 = αB0 it follows that if any one of the operators L, A0 and B0 is
a Fredholm operator then all three are Fredholm and

indL = indB0 − βA = indA0 − βB.

Proof. There exist vector spaces M0 ⊂ imA and N0 ⊂ imB such that

imA = imA0 ⊕M0, imB = imB0 ⊕N0(19)

where ⊕ denotes a direct sum of vector spaces. Let

Γ := (M0 ×N0) ∩ imL.
We claim the following:

(a) Γ is the graph of an invertible operator M0 → N0;
(b) imL = (imA0 × imB0)⊕ Γ;

(c) imA× imB = imL ⊕ Γ̂, where Γ̂ = {(f,−g); (f, g) ∈ Γ}.
The proof is left as an exercise.

Now, to complete the proof of the lemma, let k = dimM0 = dimN0 = dim Γ =
dim Γ̂ . From (19) we have

βA0 = k + βA, βB0 = k + βB.

Let E1 = imA⊕M,E2 = imB ⊕N . In view of (c), we have

E1 × E2 = (imA× imB)⊕ (M ×N) = imL ⊕ Γ̂⊕ (M ×N),

whence

βL = dim Γ + dimM + dimN

= k + βA + βB,

so the equalities in (18) hold. The equivalence of (i), (ii), and (iii) is now evident.
The last statement in the lemma follows immediately.

When the orders of the rows of the boundary operator are not necessarily the
same, Theorem 5.1 cannot be applied directly. However, the next theorem shows
that the index can be written in terms of ∆̃+

B (y) =
∑µ

j=0 B̃j(y)X̃+(y)T̃ j
+(y), where

(X̃+(y), T̃+(y)) is the γ+-spectral pair defined by the transformation (2-2). In this
form the index formula holds for any (differential) boundary operator B.
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Theorem 5.5. Let A ∈ Ell` and let B be a differential boundary operator satisfying
the L-condition (with no restrictions on the orders mk). If A and B have real matrix
coefficients then

ind(A,B) = − 1

π
[arg det ∆̃+

B (y)]∂Ω + r(2 − `)(20)

In other words, ind(A,B) = inds(A,B) (see Definition 2.5).

Proof. Let mk, k = 1, . . . , r, denote the order of the kth row of B and let µ =
maxk(mk). Now let

B′(y, ∂/∂x) = [δkj(∂/∂τ)
µ−mk ]rj,k=1 ◦ B(y, ∂/∂x)

so that B′ has the same order µ in each row. Then

πB′(y, ξ) = [δkj(τ · ξ)µ−mk ]rj,k=1 · πB(y, ξ),

thus πB′(y, τ + λn) ≡ πB(y, τ + λn). It follows that B′ satisfies the L-condition.

Hence (A,B′) ∈ BE`,µ and by Theorem 5.1

ind(A,B′) = − 1

π
[arg det∆+

B′(y)]∂Ω + r(2µ+ 2− `)(21)

By Proposition 2.2 we also have

∆̃+
B′ = ∆+

B′ · (τ1I + τ2T+)−µ

and, since 1
2π [arg det(τ1I + τ2T+)]∂Ω = r, it follows that

− 1

2π
[arg det∆+

B′ ]∂Ω = − 1

2π
[arg det ∆+

B′ ]∂Ω + µr.(22)

In view of (21) and (22), the formula (20) holds for the boundary value problem

(A,B′). Since ∆̃+
B′ = ∆̃+

B and ind(A,B′) = ind(A,B), it also holds for (A,B).

Example. Let A denote the elliptic operator defined in equation (19) of [Ro, §3],
namely,

A(x,
∂

∂x
) = A(x)

∂2

∂x2
2

+ 2B(x)
∂2

∂x2∂x1
+ C(x)

∂2

∂x2
1

+ lower-order terms

where

A(x) =

(
ϕ1(x) ϕ2(x) + 1

ϕ2(x)− 1 −ϕ1(x)

)
, B(x) = −I, C(x) = A(x)T ,

and ϕ1, ϕ2 are real-valued functions in C∞(Ω̄) satisfying appropriate conditions.

Consider once again the Dirichlet and Neumann problems forA. Let (X̃+(y), T̃+(y))

be the γ+-spectral pair of L̃y(λ) defined by [Ro, (3-24), (3-25)]. For the Dirichlet
problem (A,B) we showed that

det∆+
B (y, τ(y)) = iϕ(y)

and hence it follows from Theorem 5.5 with ` = 2 that

ind(A,B) = − 1

π
[arg det ∆̃+

B (y)]∂Ω

=
1

π
[argφ(y)]∂Ω

Also, for the Neumann problem (A, C) we showed that

det∆+
C (y, τ(y)) = iϕ(y)(|ϕ(y)|2 − 2)
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Since |ϕ(y)|2−2 is real-valued it has zero winding number, and Theorem 5.5 implies

ind(A, C) =
1

π
[argφ(y)]∂Ω,

the same as the index of the Dirichlet problem.

6. Changing from complex to real matrix coefficients

A polynomial with coefficients that are matrices with real entries shall be referred
to as a real matrix polynomial. In other words, L(λ) =

∑
Ajλ

j is a real matrix
polynomial if Āj = Aj . Real matrix polynomials are also characterized by the

following condition: L(λ) = L(λ̄) for all λ ∈ C.
Throughout this section we assume that detL(λ) 6= 0 for real λ. Also we let

γ± be simple, closed contours containing the eigenvalues of L(λ) in the upper and
lower half-planes, respectively. Note that if L(λ) is a real matrix polynomial and
if (X+, T+, Y+) is a γ+-spectral triple of L(λ), then (X+, T+, Y +) is a γ−-spectral
triple of L(λ).

In general if L(λ) =
∑

Ajλ
j is a complex p× p matrix polynomial then L(λ) =

L̄(λ̄) where L̄(λ) :=
∑

Ājλ
j and Āj denotes the complex conjugate of Aj . Let

L1(λ) and L2(λ) be the real and imaginary parts of L(λ), i.e. the unique real
p× p matrices such that L(λ) = L1(λ) + iL2(λ). We then associate with L(λ) the
following real 2p× 2p matrix polynomial:

LR(λ) =

(
L1(λ) −L2(λ)
L2(λ) L1(λ)

)
.

There is a close connection between the spectral data of L(λ) and that of LR(λ)
(see Theorem 6.2). This can be anticipated by examining the differential equation
L(d/dt)u(t) = 0. If we write u = u1 + iu2 , then

LR(d/dt)uR(t) = 0, where uR =

(
u1

u2

)
.

For example, if L(λ0)x0 = 0 then the function u(t) = etλ0x0 is a solution of
L(d/dt)u = 0 and if we write λ0 = a+ ib and x0 = x1 + ix2 then the corresponding
real function

uR(t) =

(
x1 cos bt− x2 sin bt
x1 sin bt+ x2 cos bt

)
(1)

=
1

2
etλ0

(
I
−iI

)
x0 +

1

2
etλ̄0

(
I
iI

)
x̄0

satisfies LR(d/dt)uR(t) = 0.

This implies LR(λ0)x0,R = 0 and LR(λ̄0)x̄0,R = 0, where x0,R =

(
I
−iI

)
x0, which

is easy to verify directly since

LR(λ0)x0,R =

(
L(λ0)x0

−iL(λ0)x0

)
=

(
0
0

)
.

Thus, to each eigenvalue λ0 of L(λ) with eigenvector x0, there corresponds two

eigenvalues, λ0 and λ̄0, of LR(λ) with eigenvectors

(
I
−iI

)
x0 and

(
I
iI

)
x̄0, respec-

tively.
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Lemma 6.1. Let A and B be p× p real matrices. Then(
A −B
B A

)(
I I
−iI iI

)
=

(
I I
−iI iI

)(
A+ iB

A− iB

)
and

det

(
A −B
B A

)
= | det(A+ iB)|2

Proof. The first formula is proved by multiplying out both sides and comparing
entries. The second formula follows immediately from the first.

By virtue of the lemma we have the following representation:

LR(λ) =

(
I I
−iI iI

)(
L(λ)

L̄(λ)

)(
I I
−iI iI

)−1

,(2)

Since detL(λ) 6= 0 for real λ then detLR(λ) 6= 0 for real λ. If r (resp. α − r)
denotes the number of eigenvalues of L(λ) in the upper (resp. lower) half-plane,
counting multiplicities, then LR(λ) has r + (α − r) = α eigenvalues in the upper
half-plane and also α eigenvalues in the lower half-plane.

Theorem 6.2. Let L(λ) be a p × p matrix polynomial such that detL(λ) 6= 0 for
real λ. Let γ± be a simple, closed contour containing the eigenvalues of L(λ) in the
upper and lower half-planes, respectively. Let (X±, T±, Y±) be a γ±-spectral triple
of L(λ) consisting of matrices, i.e. X+ is a p× r matrix, T+ is r × r, Y+ is r × p,
X− is p× (α − r), T− is (α− r) × (α− r) and Y− is (α− r) × p. Then

X+
R =

(
I I
−iI iI

)(
X+

X−

)
, 2p× α matrix,

T+
R =

(
T+

T−

)
, α× α matrix,

Y +
R =

(
Y+

Y −

)(
I I
−iI iI

)−1

, α× 2p matrix,

is a γ+-spectral triple of LR(λ). (I denotes the p× p identity matrix.)

Proof. We shall verify (i), (ii′), (iii), and (iv) of the definition of spectral triples
(see [Ro, Definition 2.1 and Proposition 2.2]).

(i) The fact that sp(T+
R ) lies inside γ+ is clear from the definition of T+

R .

(ii′) Since X±T
j
±Y± = 1

2πi

∫
γ± λ

jL−1(λ) for j = 0, 1, . . . then

X−T
j

−Y − =
1

2πi

∫
γ−

λjL−1(λ) dλ

= − 1

2πi

∫
γ−

λ̄jL̄−1(λ̄) dλ̄

=
1

2πi

∫
γ+

λjL̄−1(λ) dλ

(Note that if γ− is traversed in the counterclockwise sense, then γ− is tra-
versed clockwise.) In view of (2) we have∫
γ+

λjL−1
R (λ) dλ =

(
I I
−iI iI

)∫
γ+

λj
(
L−1(λ)

L̄−1(λ)

)
dλ

(
I I
−iI iI

)−1

,
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hence

1

2πi

∫
γ+

λjL−1
R (λ) dλ =

(
I I
−iI iI

)(
X+T

j
+Y+

X−T
j

−Y −

)(
I I
−iI iI

)−1

= X+
R (T+

R )jY +
R

for j = 0, 1, . . . .
(iii) From the definition of X+

R and T+
R , one obtains the following:

col(X+
R (T+

R )j)`−1
j=0 =



X+ X−
−iX+ iX−
X+T+ X−T−
−iX+T+ iX−T−

...
...

X+T
`−1
+ X−T

`−1

−
−iX+T

`−1
+ iX−T

`−1

−


.(3)

By means of block-row operations (i times the first block of p rows, added to
the second block of p rows, etc.), the matrix (3) is transformed to

X+ X−
0 2iX−

X+T+ X−T−
0 2iX−T−
...

...

X+T
`−1
+ X−T

`−1

−
0 2iX−T

`−1

−


.(4)

Since col(X+T
j
+)`−1

j=0 and col(X−T
j

−)`−1
j=0 have r and α−r linearly independent

columns, respectively, it is clear from the form of (4) that col(X+
R (T+

R )j)`−1
j=0

has α linearly independent columns.
(iv) Similarly, one proves that row(Y +

R (T+
R )j)`−1

j=0 has α linearly independent rows.

The following proposition will be of use in §7.

Proposition 6.3. Let the matrix polynomial L(λ) and contours γ+ and γ− be as
in Theorem 6.2, and B(λ) =

∑µ
j=0 Bjλ

j an r×p matrix polynomial of degree µ. Let

(X±, T±) be γ±-spectral pairs of L(λ), respectively, and (X+
R , T

+
R ) the γ+-spectral

pair of LR(λ) defined in Theorem 6.2. Also, let BR(λ) =
∑µ

j=0 BR,jλj be the real

2r × 2p matrix polynomial corresponding to B(λ). Then

∆+
BR =

(
Ir Ir
−iIr iIr

)(
∆+
B

∆−
B

)
(5)

where ∆+
BR =

∑µ
j=0 BR,jX

+
R (T+

R )j and ∆±
B =

∑µ
j=0 BjX±T

j
± , and Ir denotes the

r × r identity matrix.

Proof. Write Bj = Mj + iNj where Mj and Nj are real r × p matrices. Then

BR,j =

(
Mj −Nj

Nj Mj

)
, so with the formula for (X+

R , T
+
R ) in Theorem 6.2, it follows
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that
µ∑

j=0

BR,jX
+
R (T+

R )j =

µ∑
j=0

(
Mj −Nj

Nj Mj

)(
I I
−iI iI

)(
X+T

j
+

X−T
j

−

)
where I denotes the p × p identity matrix. As in Lemma 6.1, it is easily verified
that (

Mj −Nj

Nj Mj

)(
I I
−iI iI

)
=

(
Ir Ir
−iIr iIr

)(
Bj

Bj

)
and now (5) follows immediately.

Remark. Note that the matrix ∆+
BR is square (2r× 2r) exactly when 2r is equal to

the degree of detL(λ), which is the condition of proper ellipticity.

Let A ∈ Ell` be an elliptic operator in Ω ⊂ Rn and B any differential boundary
operator. If

A(x, ∂) =
∑

Aα(x)∂α,

we let

Ā(x, ∂) =
∑

Āα(x)∂α,

that is, the coefficients Aα are replaced by their complex conjugates Āα. Similarly
for B̄(y, ∂). Since Au = f , Bu = g if and only if Āū = f̄ , B̄ū = ḡ, there is a
one-to-one correspondence between the solution spaces of (A,B) and (Ā, B̄); thus
one problem satisfies the L-condition if and only if the other does, and ind(Ā, B̄) =
ind(A,B).

If A = A1 + iA2, where the coefficients of Aj are real p× p matrix functions, we
define

AR(x, ∂) =

(A1(x, ∂) −A2(x, ∂)
A2(x, ∂) A1(x, ∂)

)
,

which is a differential operator with coefficients that are real 2p× 2p matrix func-
tions. Similarly, if B = B1 + iB2, where the coefficients of Bj are real r × p matrix
functions, we define

BR(y, ∂) =

(B1(y, ∂) −B2(y, ∂)
B2(y, ∂) B1(y, ∂)

)
,

is a differential operator with coefficients that are real 2r × 2p matrix functions.
Due to Lemma 6.1, there is a one-to-one correspondence between solutions of

AR(x, ∂)

(
u1

u2

)
=

(
f1(x)
f2(x)

)
, x ∈ Ω,

BR(y, ∂)

(
u1

u2

)
=

(
g1(y)
g2(y)

)
, y ∈ ∂Ω,

(6)

and solutions of (A(x, ∂)
Ā(x, ∂)

)(
v
v̄

)
=

(
f(x)
f̄(x)

)
, x ∈ Ω,(B(y, ∂)

B̄(y, ∂)

)(
v
v̄

)
=

(
g(y)
ḡ(y)

)
, y ∈ ∂Ω,

(7)
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where the correspondence is given by v = u1 + iu2, v̄ = u1− iu2 (and f = f1 + if2,
f̄ = f1−if2). Without loss of generality u1 and u2 can be assumed to be real-valued
in (6) (by taking real and imaginary parts). This does not affect the index.

Theorem 6.4. (AR,BR) is L-elliptic if and only if (A,B) is L-elliptic. In that
case, we have

ind(AR,BR) = 2 · ind(A,B).

Proof. By Lemma 6.1

πAR(x, ξ) =

(
I I
−iI iI

)(
πA(y, ξ)

πĀ(y, ξ)

)(
I I
−iI iI

)−1

(8)

for all ξ ∈ Rn(or Cn). Hence detπAR(x, ξ) = | detπA(x, ξ)|2 for all ξ ∈ Rn; thus
AR is elliptic if and only if the same is true of A.

The kth row of the boundary operator BR has order m̃k where

m̃k = mk, m̃k+r = mk, k = 1, . . . , r,

and we have

πBR(y, ξ) =

(
I I
−iI iI

)(
πB(y, ξ)

πB̄(y, ξ)

)(
I I
−iI iI

)−1

.(9)

The claim is that (AR,BR) satisfies the L-condition if and only if the same is true of
(A,B). Indeed, working in local admissible coordinates and replacing ξ by (ξ′, 1

i
d
dt)

in (8) and (9), we obtain that W =

(
w1

w2

)
is a solution of the system

πAR(y, (ξ′,
1

i

d

dt
))W (t) = 0, t ≥ 0,

πBR(y, (ξ′,
1

i

d

dt
))W (t)|t=0 = 0,

(10)

if and only if w = w1 + iw2, w̄ = w1 − iw2 is a solution of the system(
πA(y, (ξ′, 1

i
d
dt ))

πĀ(y, (ξ′, 1
i
d
dt ))

)(
w(t)
w̄(t)

)
= 0, t ≥ 0,

(
πB(y, (ξ′, 1

i
d
dt ))

πB̄(y, (ξ′, 1
i
d
dt ))

)(
w(t)
w̄(t)

)
|t=0

= 0.

As pointed out earlier we may assume that w1 and w2 are real-valued. Then, by
homogeneity of πA, we have

πĀ(y, (ξ′,
1

i

d

dt
))w̄(t) = (−1)`A(y, (−ξ′, 1

i

d

dt
))w(t).

Similarly,

πB̄(y, (ξ′,
1

i

d

dt
))w̄(t) = M(−1)πB(y, (−ξ′, 1

i

d

dt
))w(t).

It is now clear that (10) has the unique solution W ≡ 0 if and only if the system

πA(y, (ξ′,
1

i

d

dt
))w(t) = 0, t ≥ 0,

πB(y, (ξ′,
1

i

d

dt
))w(t)|t=0 = 0,
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has the unique solution w ≡ 0. Moreover, due to the one-to-one correspondence
between solutions of the boundary value problems (6) and (7), it follows that

ind(AR,BR) = ind(A⊕ Ā,B ⊕ B̄)

= ind(A,B) + ind(Ā, B̄)

= 2 · ind(A,B).

7. The index formula for elliptic systems with complex coefficients

and when the boundary operator is pseudo-differential

First we extend Theorems 5.1 and 5.5 to the case when the boundary operator
is differential with complex coefficients.

Theorem 7.1. If (A,B) ∈ BE`,µ then

ind(A,B) = − 1

2π
[arg det ∆+

B (y)]∂Ω +
1

2π
[arg det∆−

B (y)]∂Ω + r(2µ+ 2− `).(1)

Proof. Let (AR,BR) and LR(λ) denote the real boundary value problem operators
and real matrix polynomial associated with (A,B) and L(λ), respectively. By
Theorem 6.2, we have a γ+-spectral pair (X+

R (x), T+
R (x)) of LR,x(λ) defined in

terms of (X±(x), T±(x)). Then, in virtue of Proposition 6.3,

∆+
BR(y) =

(
Ir Ir
−iIr iIr

)(
∆+
B (y)

∆−
B (y)

)
,

where Ir denotes the r × r identity matrix. By Theorem 5.1,

ind(AR,BR) = − 1

π
[arg det∆+

BR(y)]∂Ω + 2r(2µ+ 2− `),

and, since ind(AR,BR) = 2 · ind(A,B), the formula (1) follows immediately.

Remarks. (i) The formula (1) is not affected if the boundary operator B(y, ∂/∂x)
is replaced by M(y)B(y, ∂/∂x), where M(y) is an invertible r × r matrix
function.

(ii) If the operators A and B have real matrix coefficients then the formula (1) is
the same as that of Theorem 5.1 because we may let (X−, T−) = (X+, T+)

and therefore ∆−
B (y) = ∆+

B (y).

Theorem 7.2. If A ∈ Ell` and B is any differential boundary operator satisfying
the L-condition (with no restrictions on the orders mk) then

ind(A,B) = − 1

2π
[arg det ∆̃+

B (y)]∂Ω +
1

2π
[arg det ∆̃−

B (y)]∂Ω + r(2 − `).(2)

Proof. This is derived from Theorem 5.5 in the same manner as above.

We now consider more general boundary operators. To do so we need to use
Noether’s formula for the index of p.d.o.’s on the unit circle in R2, and the formula
of Agranovič-Dynin in [Ro, §6].

Denote by T the unit circle |z| = 1 in R2. The volume element on T induced
from R2 and the counterclockwise orientation is τ(eix) = x1dx2 − x2dx1, where
eix = x1 + ix2. If ξ is a covector, we write ξ > 0 if ξ is a positive multiple of τ , i.e.
pointing in the counterclockwise direction.
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Theorem 7.3. Let A ∈ OS0(T, p × p) with principal symbol πA(z, ξ) = a+(z),
ξ > 0, and = a−(z), ξ < 0, and suppose that det a±(z) 6= 0 for all z. Then
A : L2(T,Cp) → L2(T,Cp) is a Fredholm operator with index

indA = − 1

2π
[arg det a+(eix)]T +

1

2π
[arg det a−(eix)]T.

This is a well-known result, due to Noether. For the proof, see [WRL, §8.10].
We now wish to consider general boundary operators, i.e. B =

∑µ
j=0 BjDj

n where
the coefficients Bj are pseudo-differential operators on ∂Ω. In its present form, the
formula (2) does not hold for such boundary operators; however, if we define a γ+-
spectral pair of Ly,ξ′(λ) as in §1:

(X+(y, ξ′), T+(y, ξ′)) =

{
(X̃+(y), T̃+(y)), ξ′ = τ(y),

(X̃−(y),−T̃−(y)), ξ′ = −τ(y),(3)

then for a differential operator B we have

∆+
B (y, τ(y)) = ∆̃+

B (y) and ∆+
B (y,−τ(y)) = M(−1)∆̃−

B (y).

Hence (2) can be written in the form (4) below, which turns out to be valid for any
boundary operator.

Theorem 7.4. Let A ∈ Ell` and let B be any boundary operator satisfying the
L-condition. Then with ∆+

B defined with respect to the γ+-spectral pair (3) we have

ind(A,B) =− 1

2π
[arg det∆+

B (y, τ(y))]∂Ω

+
1

2π
[arg det∆+

B (y,−τ(y))]∂Ω + r(2 − `).

(4)

Proof. We have shown that (4) holds for (A,B◦) if B◦ is a differential operator sat-
isfying the L-condition relative to A (for instance, let B◦ be the boundary operator
constructed in Theorem 2.4), that is,

ind(A,B◦) =− 1

2π
[arg det∆+

B◦(y, τ(y))]∂Ω

+
1

2π
[arg det∆+

B◦(y,−τ(y))]∂Ω + r(2 − `).

Now that we have the formula for one boundary problem, (A,B◦), we can reduce
the index problem for (A,B) to the calculation of an index on the boundary ∂Ω,
to which Noether’s formula can be applied since ∂Ω is diffeomorphic to T. By [Ro,
Theorem 6.2] we have

ind(A,B) = ind(A,B◦) + ind(∆+
B · (∆+

B◦)
−1)

Since ind(∆+
B ·(∆+

B◦)
−1) = ind ∆+

B−ind∆+
B◦ , then by applying Noether’s formula to

p.d.o.’s with principal symbols ∆+
B and ∆+

B◦ on ST∗(∂Ω), respectively, (4) follows
at once.

The next theorem gives a formula for the difference between the index of a given
boundary value problem for A and the index of the Dirichlet problem. Here A is a
properly elliptic operator of order ` = 2s.

In order to state this result some notation is needed. For a boundary operator
B we let

G+(y, ξ′) =
1

2πi

∫
γ+

By,ξ′(λ)L−1
y,ξ′(λ)

[
I . . . λs−1I

]
dλ.
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In view of [Ro, Theorem 3.5], the boundary value problem (A,B) satisfies the L-
condition if and only if detG+(y, ξ′) 6= 0 for all y ∈ ∂Ω , 0 6= ξ′ ∈ T ∗y (∂Ω). The

substitution λ→ c−1λ implies

G+(y, cξ′) = M(c)G+(y, ξ′)F (c)c1−`, when c > 0,

where M(c) is defined as usual and F (c) = [cjδkjI]
s−1
k,j=0 is a ps×ps diagonal matrix.

If B is a differential operator we also have (with G− defined by the integral
∫
γ−)

G+(y,−ξ′) = M(−1)G−(y, ξ′)F (−1)(−1)1−`.(5)

For the Dirichlet problem the matrix functions G± take the form

M±
ss(y, ξ

′) =
1

2πi

∫
γ±

 I
...

λs−1I

L−1
y,ξ′(λ)

[
I . . . λs−1I

]
dλ.

Note that M+
ss = −M−

ss because the integrand is O(λ−2) as |λ| → ∞. (An appli-
cation of Cauchy’s theorem gives

∫
γ+ =

∫∞
−∞ and

∫
γ− = − ∫∞−∞. As usual, γ+ and

γ− are simple, closed contours in the upper and lower half-planes containing the
eigenvalues of Ly,ξ′(λ) there, oriented in the counterclockwise direction.)

The following theorem is a particular case of the formula of Agranovič-Dynin,
see [Ro, Theorem 6.2].

Theorem 7.5. Let A ∈ Ell2s and let B be a boundary operator satisfying the L-
condition. If the Dirichlet problem (A,D) satisfies the L-condition then

ind(A,B) = ind(A,D)− 1

2π
[arg detG+(y, τ(y))]∂Ω +

1

2π
[arg detG+(y,−τ(y))]∂Ω

Hence ind(A,B) = ind(A,D) + indG+ , where G+ is a p.d.o. on ∂Ω with principal
symbol G+.

Proof. Let (X+(y, ξ′), T+(y, ξ′)) be the γ+-spectral pair of Ly,ξ′(λ) defined as in

(3). Let ∆+ = ∆+
B and Ξ+ = col(X+T

j
+)s−1

j=0 . By Theorem 7.4 we have

ind(A,B) = − 1

2π
[arg det∆+(y, τ(y))]∂Ω +

1

2π
[arg det∆+(y,−τ(y))]∂Ω + r(2 − `)

and

ind(A,D) = − 1

2π
[arg det Ξ+(y, τ(y))]∂Ω +

1

2π
[arg det Ξ+(y,−τ(y))]∂Ω + r(2 − `).

Hence ind(A,B) = ind(A,D) + κ, where

κ = − 1

2π
[arg detR(y, τ(y))]∂Ω +

1

2π
[arg detR(y,−τ(y))]∂Ω

and R = ∆+ · Ξ−1
+ . Now, observe that

G+ = ∆+ ·
[
Y+ . . . T s−1

+ Y+

]
= ∆+Ξ−1

+ Ξ+ ·
[
Y+ . . . T s−1

+ Y+

]
= R ·M+

ss

As mentioned above, M+
ss = −M−

ss ; thus (5) implies that detM+
ss(y,−τ(y)) and

detM+
ss(y, τ(y)) are equal except for a constant factor ±1. Hence they have the
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same winding number and

κ = − 1

2π
[arg detG+(y, τ(y))]∂Ω +

1

2π
[arg detG+(y,−τ(y))]∂Ω.

The last statement of the theorem now follows from Noether’s formula for the index
of p.d.o.’s on ∂Ω (Theorem 7.3).

Corollary 7.6. In addition to the hypotheses of Theorem 7.5, suppose that B is a
differential operator and has order ≤ s− 1. Then

ind(A,B) = ind(A,D).

Proof. We define

G̃±(y) =
1

2πi

∫
γ±

B̃y(λ)L̃−1
y (λ)

[
I . . . λs−1I

]
dλ

and note that G+(y, τ(y)) = G̃+(y). If B is a differential operator we also have

G+(y,−τ(y)) = M(−1) · G̃−(y) · F (−1)(−1)1−`.

Thus Theorem 7.5 can also be stated as follows:

ind(A,B) = ind(A,D)− 1

2π
[arg det G̃+(y)]∂Ω +

1

2π
[arg det G̃−(y)]∂Ω.

Since the order of B is ≤ s − 1, the terms in the integrand of G̃±(y) are O(λ−2)
and we have

G̃+(y)− G̃−(y) =
1

2πi

∫
Γ

B̃y(λ)L̃−1
y (λ)

[
I . . . λs−1I

]
dλ = 0,

where Γ is a simple closed contour containing all the roots of det L̃y(λ) in its interior.

Hence G̃+(y) = G̃−(y) which implies ind(A,B) = ind(A,D).
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