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AN INDEX FORMULA FOR ELLIPTIC SYSTEMS
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ABSTRACT. An index formula is proved for elliptic systems of P.D.E.’s with
boundary values in a simply connected region 2 in the plane. Let A denote
the elliptic operator and B the boundary operator. In an earlier paper by the
author, the algebraic condition for the Fredholm property, i.e. the Lopatinskii
condition, was reformulated as follows. On the boundary, a square matrix
function Ag defined on the unit cotangent bundle of 92 was constructed
from the principal symbols of the coefficients of the boundary operator and a
spectral pair for the family of matrix polynomials associated with the principal
symbol of the elliptic operator. The Lopatinskii condition is equivalent to the
condition that the function Ag have invertible values. In the present paper, the
index of (A, B) is expressed in terms of the winding number of the determinant
of AE.

INTRODUCTION

To indicate the idea of the proof of the index formula, let us consider first a
special case. The region Q C R? is assumed to be bounded with C* boundary, and
simply connected. Consider the 2 x 2 system

ou 0 -1\ Ou
5_;102_(1 0>a—xl+A0($)'u—f(33)v z €,

ug - cos p(y) — us2 - sinp(y) = g(y), y € 01,

where u = [ul UQ}T is a real 2-vector function. Writing this problem in complex
form with w = uy + fue, 2 = x1 + ix9, and 9/0Z = %(8/81:1 +10/0x2), we obtain
the Riemann-Hilbert problem:

Ow/0z + a(z)w + b(z)w = f(z), z € Q,

Ree"Ww =g(y),  yeoQ,

where a,b € C®(Q) and ¢ € C*(9Q). The R-linear operator defined by w
(Ow/0z — aw — bw, Re e“"wmg) is Fredholm in appropriate Sobolev spaces, its
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3150 B. ROWLEY
solvability properties depend on the winding number, x = 5=[p(y)]so, and the
index formula

) 1
index =1—-2y=1- ;[‘P(y)]aﬂ

is well known; see, for instance, [We] or [Ga].

A Fredholm operator is a bounded linear operator whose kernel has finite dimen-
sion, «, and whose image has finite codimension, §; the indez of this operator is
defined to be o — (3. The reader of this paper is assumed to know that the Lopatin-
skii condition (abbreviated from now as L-condition) is the necessary and sufficient
condition for an elliptic system (A, B) to be Fredholm (in suitable Sobolev spaces);
for instance, see [WRL, Chap. 9]. Assuming that this has been established, the
proof of the index formula is a matter of dealing with the L-condition which is
algebraic-topological in nature.

The proof of the index formula in the present paper uses the theory of matrix
polynomials due to Gohberg, Lancaster, Rodman and others; see [GLR], [BGR].
The relevant parts of this theory which are needed here are developed in [Ro].

The structure of the proof of the index formula is as follows. Given a first-order
elliptic system in the plane with coefficients that are matrices with real entries,
one can transform it to a “generalized Riemann-Hilbert problem” by means of a
similarity transformation in the dependent variable, and then construct a homotopy
from this new problem to a diagonal system of Riemann-Hilbert problems to which
the above formula may be applied; this is done in §3 and §4. Higher-order systems
(A, B) are then handled in §5 by a standard device which involves a reformulation
as a first-order system. Up to that point the index formula holds for systems with
real matrix coefficients, but in §6, §7 we show how this restriction can be removed.
In each case the proof of the index formula amounts to showing that the index of
(A, B) is equal to the topological index defined in §2.

An index formula for higher-order elliptic systems in the plane was first proved
by Vol'pert [Vo] in 1961 for systems with real matrix coefficients. It is probably
fair to say, however, that both the statement and proof of the formula are simpler
in the present paper. Furthermore, there is no restriction here on the orders of the
rows of the boundary operator as there was in [Vo].

A formula for the index of an elliptic system (A, B) on a compact manifold
with boundary was found by Atiyah and Bott [AB] in 1964. By means of some
topological arguments, they were able to reduce the index problem for (A, B) to
the case of the index formula on compact, closed manifolds in [AS]. Applications of
the theory of matrix polynomials to boundary value problems in higher dimensions
are treated elsewhere, in [WRLJ.

1. ELLIPTIC SYSTEMS IN THE PLANE: SOME PRELIMINARIES

This section is a continuation of [Ro, §3, §6, §7]; the Lopatinskii condition is
examined in further detail for differential operators in the plane.

By a region we mean a nonempty connected open set in the complex plane. Let
Q C R? be a bounded region with C* boundary. We denote by Ell’ the set of
properly elliptic differential operators

(1a) A(x,0) = Y Au(2)0,  x=(21,72) €Q,

loaf <t
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with principal part, 7.4, homogeneous of degree £. The coefficients A, are assumed
to be smooth p X p matrix functions. Here we are using the usual multi-index
notation: 0% = 971052, |a| = a1 + ag, where 0; = 0/0z;, 7 = 1,2. In a slight
change of notation from [Ro, §6], we let BE®™ denote the set of all boundary
problems (A, B) where A € Ell and B is a differential boundary operator of the
form

(1b) B(y,0) = [Zjajzm, 6], _ . y e,

satisfying the L-condition relative to .A. More general (pseudo-differential) bound-
ary operators were permitted in [Ro] for the purpose of constructing homotopies
of elliptic boundary problems, but for systems in the plane this turns out to be
unnecessary (see Theorem 1.2).

Let n(y) be the inward-pointing unit normal vector at y € 02, and 7(y) the
unit tangent vector to 9 such that 7(y), n(y) is a positively oriented basis of R?.
We identify the unit cotangent bundle, ST*(92), with the unit tangent bundle,
ST(0R). If (y,&') € ST*(99Q) then

|§/| =1, S0 6/ = :l:T(y)a

and ST*(99) is the disjoint union of two copies of 9.

Let (A, B) € BE®™, ie. A is an elliptic operator of the form (la) and B is a
boundary operator (1b) having order my in the kth row, k = 1,... ,r. Associated
with the principal part of A on the boundary 02, there is the pXxp matrix polynomial

Y4
Lye(N\) == mA(y, & + X n(y Z

y €00, 04 ¢ € T;(09). (See [Ro, §3].) Now let fiy(A) =L, .(,)(N), that is,

¢
(2) Ly(\) =AYy, 7(y) + Mn(y) = D AN,  yean,
=0
where A;(y) = Aj(y,7(y)). If (X£(y), T (y), Y(y)) is a yE-spectral triple of the
matrix polynomial L,(\) then we may define a v -spectral triple of L, ¢ (\) as
follows:

(X4 @), T (), Y (), & =7(y),
(X (), ~T-(y), ~D)'"Y-(y), & =-7().

We also define (X_(y,&'),T-(y,&"),Y_(y,£’)) by the equation [Ro, (5-8)]. Associ-
ated with the boundary operator B there is the matrix polynomial

(X-i- (yv 6/)7 T+(ya 5/)3 Y+ (yv 6/)) = {

3) By(\) =By, 7(y) + An(y) = > Bi(y)N,  yeoQ,

j=0
where B;(y) = B;(y,7(y)) and p < maxmy, and we let

(4) Ngly) = Biy) X ()TL(y)

Jj=0
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and also

o
(5) Afw,€) = Bi(y, &) X1 (y,€)TL(y, &)

§=0
Note the following relationship between the matrix functions (4) and (5):
(6) Af(ym(y) = Ak(y),  Af(y. —(y) = M(=1)A5(y),
the second equality being valid for a differential operator B, because wB(y,cf) =
M(c) - mB(y, &) for all ¢ € C, in particular when ¢ = —1. Here M(c) is the r x r
diagonal matrix [¢™8;|. In view of [Ro, Theorem 3.3(iii)], (A, B) satisfies the
L-condition if and only if det Af(y, &) # 0 when ¢’ = £7(y), which we now see is
equivalent to the condition

(7) det A5 (y) #0 for all y € 9Q.

Remark 1.1. If the coefficients of f/y()\) are real matrices then we may assume that
(X_(y),T-(y)) = (X4 (y), Ty (y)). Further, if the coefficients of B,()\) are also real

matrices then we have Ag (y) = Af(y); in that case (A, B) satisfies the L-condition
if and only if

det Af(y) #0 for all y € 9Q.

We now specialize the results of [Ro, §6 and §7] to elliptic systems in the plane.
Denote by

BE“*

the set of elliptic boundary problems (A, B) fulfilling the L-condition such that B
has the same order in all rows, my = u (k=1,...,7). As before, if (A4, B;) € BE®*,
i = 1,2, are two boundary value problems with the same elliptic operator A such
that Agl = Agz, we write

(A, By) = (A, B>).

Theorem 1.2. Let Ay, 0 < ¢ < 1, be a homotopy of elliptic operators in EN*. If B
is a (differential) boundary operator satisfying the L-condition relative to A = Ay
such that the principal part of B is homogeneous of degree £ — 1 (in all rows), then
there exists a homotopy of boundary value problems (A, B;) € BE“_l, 0<t<1,
such that (A, Bo) = (A, B).

Proof. This is the same proof as in [Ro, Theorem 7.3|, except that it is necessary
to verify that the boundary operators can be chosen to be differential operators.
By the remark after [Ro, Theorem 7.3], there exist (unique) r X p matrix functions
B;(t,-) on T*(0Q)\0 such that

-1
(8) S By (1) Xe (1, )T (1) = AF.
=0
Since the DN numbers of Bare m; =--- =m, ={¢{—1land t; = --- =t, = 0,

we have Bj(t,y,c¢') = *=17IB;(t,y,¢), 5 = 0,...,£ — 1, for all ¢ (positive and
negative). We let
-1

Bu(y,0) =Y _ Bj(t,y,m(y))(9/0r)* 79 (0/0n)’

J=0
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which is a differential operator. Since A:‘ft = AF then (A, B;) satisfies the L-

condition, so we have constructed a homotopy (A;, B:) € BE“‘~!. Also, by con-
struction, the principal parts of By and B are the same (see [Ro, Prop. 5.2]), thus
(A, Bo) ~ (A, B).

Remark 1.3. If the operators A; and B have real matrix coefficients then we can
find B; also with real matrix coefficients such that (A, B) satisfies the L-condition
for all £ € I. Indeed,

(X— (tv ')7T— (tv ')7 Y- (tv )) = (X-i-(tv ')7T+(t7 ')7 Y+(t7 ))7

is a v~ -spectral triple of L;.(A) and the solution of (8) (which does not depend on
the choice of (X1,T%)) can be written in the form

—j—1

Bj(tv )= QRQ{AE ' Z T-]f-(tv DY (t, ')Aj-i—k-i-l (t. )},
k=0

which is a real matrix function.

The same remark applies to the following theorem.
Theorem 1.4. Let (A, B) € BE“" with > £. Then
(9) (A, B) ~ (A, (9/07)" ' R)

for some (differential) boundary operator R such that (A, R) € BE““"Y. In fact,
since B is a differential operator there exists R with A5 = A%.

Proof. This is just a restatement of [Ro, Theorem 6.3] for systems in the plane.
There exist unique X p matrix functions R; on 9 such that

-1 1%
(10) Y RiWXsTL =) Bi(yX:TL, yeo,
§=0 §=0
that is,
(Ro . R =&AL [V ... TUVL]Z4 A, [V Ty ] 2
It follows that the differential operator
-1 ‘ _
R:=> R;(y)(0/0r) " 9 (0/on)!
§=0

satisfies (10), that is,
A% _ A%

Since R is a differential operator and 7R is homogeneous of degree £ — 1 we have
(A, R) € BE“*"!. The relation (9) follows since A* = A% = Af.

Remark. Equation (9) implies (A, B) is homotopic to (A, (9/d7)*~*+1R) in BE#*~!
(for instance, consider a linear homotopy).
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2. THE TOPOLOGICAL INDEX

From now on we always assume that the region §2 is bounded and simply con-
nected. In this section we shall define the topological index of an elliptic boundary
problem (see Definition 2.5) but first we need to make a special choice of -
spectral pair for the matrix polynomial L, ()) of (1-2). Let A € Ell* be an elliptic
operator with principal part mA(x,§) = Z|a\:é Aq(2)€%, and consider the matrix
polynomial

4
(1) Lo(A) = mA(z, (1,A) = Y Aj(2)N,

j=0

which has coefficients A;(z) = A¢_; j(z) defined for all z € Q (not just the bound-
ary). Due to ellipticity, det L,()\) # 0 for real A and the leading coefficient,
Ay(z) = mA(z,(0,1)), is invertible. The solution space of Ly( L)y = 0 is a
direct sum SDTJLFI @© M, corresponding to the eigenvalues of L, (\) with Im A > 0
and Im A < 0, and we let 9* denote the vector bundle over € with fibers M7 .

Proposition 2.1. Let ) be a bounded and simply connected region with C* bound-
ary. Then the vector bundles MT and I~ are trivial. Hence there exist admissible
pairs (X4, Ty) over Q such that (X+(z),T(x)) is a v*-spectral pair of Ly()\)
consisting of matriz functions with entries in C>(€2).

Proof. The coefficients of A can be extended smoothly to a neighbourhood Q' > Q;
we may assume that ' is also a simply connected region. Also, by continuity,
we may assume that detmA(x,£) # 0 for all z € @', £ # 0. Thus we obtain a
vector bundle MM+ over ' which is trivial since ' is contractible. (In fact, by the
Riemann mapping theorem ' is conformally equivalent to the open unit disc, see
[Ru, p. 283].) Hence its restriction to  is also trivial. The last statement in the
proposition follows as in [Ro, Theorem 4.4].

Note that L;(A) is defined in terms of the basis (1,0), (0,1) for R? whereas the
matrix polynomial L, () of (1-2) is defined in terms of the basis 7(y), n(y). Writing
7(y) = (n(y), 72(y)) and n(y) = (=72(y), 71(y)) we have

Ly(\) = mA(y, 7(y) + An(y))

¢
=" A4;()(m1(y) — M) 7 (r2(y) + A ()7,
j=0

where ™1 (\) = (79 4+ A1)/ (71 — A7), Let (X4 (y), T (y)) be a y*-spectral pair of
L,(X). Since ¢ maps the upper half-plane to itself, then one can show that

Xily) = Xa(y),

Ta(y) = (n(y)Te(y) = () D)(r2(y) T (y) + 71(y) 1)~

is a y*-spectral pair of L,()\) (see [WRL, §2.4]).

In the next proposition we assume that (A, B) € BE“*, that is, the principal
part of the boundary operator B is homogeneous of degree i in each row, 7B(y, §) =
2 la|=p Ba(y)€*. Analogous to the considerations for L;()), there is the following

(2)
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r X p matrix polynomial
“w
By(X) =By, (1, \) E B;(y)N, y € 09,
7=0

where B;(y) = Bu—j,;(y). We let

(3) Aj(y) =D Bi(y)X+(y)Ti(y),
§j=0

where (X4 (y), T+ (y)) is a y*-spectral pair of L,()\),y € Q. Note: It is important
that the reader distinguish the matrix functions A¥(y) from A} (y,¢') which was
defined in (1-5).

Proposition 2.2. Let (X4 (y), T+ (y)) be v*-spectral pairs of Ly, (\), and (X+(y),
Ty (y)) be the corresponding v*-spectral pairs of L,(\) as defined by the equations

(2). Let B be a boundary operator whose principal part is homogeneous of degree .
Then

AF(y) = A5W) - (MW +n)Te@) ™,  yean.
Hence det A% (y) # 0 if and only if det A% (y) # 0.
The proof is left to the reader.

Corollary 2.3. Let the hypotheses be as in Proposition 2.2. Then the following
are equivalent for all y € 0§ :

(i) u+— B (% dt)u|t —o from zm to C" is invertible;

(ii) u — By(+ U‘lit)uh —o from zmi to C" is invertible.

Proof. In view of [Ro, Theorem 3.1], (i) and (ii) are equivalent to:
(') detAz(y) #0, (i) detAj(y) #0,

and (') and (ii’) are equivalent by Proposition 2.2.

Proposition 2.1 has the following important consequence.

Theorem 2.4. Let Q C R? be a bounded and simply connected region with C*
boundary. A properly elliptic operator A in Q always has a differential boundary
operator satisfying the L-condition.

Proof. Let A € EllY, choose (X4 (x), T4 (z)) as in Proposition 2.1, and then define
the spectral pair (2). There is a natural differential boundary operator associated
with the spectral pair (X4 (y), Ti( )) since the system

ZB )XiT] = 1,,

where I, denotes the r x r identlty matrix, has the unique solution
(Bo ... Boal=[V ... TCWE+[V. ... T2

The boundary operator

B° =" B;()(0/0r)" " (2/on)
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therefore satisfies A?o = I, and we have (A, B°) € BE**~1.

Let S' denote the unit circle, and let f be a continuous nonvanishing complex-
valued function on S1, ie. f € C(S!,C*) where C* = C\0. Then

fle™) i0(t)

L=

| fe™) |
for some real-valued 6 € C([0,2n]), and the degree (or winding number) of f is
defined to be

deg f = [arg f(2)]s1 = (6(2) — 0(0)) /2.

Note that § defines a continuous function on S* only when deg f = 0, i.e. (27) =
6(0). The degree has the following multiplicative property

deg(f - g) = deg f + degg.

In particular, deg(1/f) = —deg f. The degree of a function is locally constant; in
fact if
max |g(2) — f(2)] < max|f(z)|

then degg = deg f. Let f,g € C(S*,C*). Then f and g are said to be homotopic
if there exists a continuous function F : S* x I — C* such that F(-,0) = f and
F(-,1) = g, where I denotes the unit interval [0,1]. If f and g are homotopic we
write f ~ g. It is evident that if f; ~ fo and g1 ~ g2 then f1 - g1 ~ fo-g2. A
function f € C(S',C*) is said to be null-homotopic if f ~ 1, i.e. if it is homotopic
to the constant function 1. A function f € C(S!,C*) is null-homotopic if and only
if it has degree 0. Any nonzero constant function is obviously null-homotopic. Also,
any real-valued function f € C(S!,R*) is null-homotopic.

As in the proof of Proposition 2.1, there exists an orientation-preserving diffeo-
morphism ¢ from the closed unit disc to Q. Then the degree of a nonvanishing
continuous function f € C(9€) is defined to be deg(f o ), where the degree on S*
is defined as above. Note that the degree is independent of the choice of ¢; in the
sequel we also use the notation

deg(f o) =: [arg f(y)]oq-

Now we consider matrix functions. Let M : S — GL,(C) be a continuous matrix
function, where GL,.(C) denotes the group of invertible r x r matrices with complex
entries. The degree of M is defined to be the degree of the complex-valued function
det M,

deg M = [argdet M (z)]s1.

As with scalar functions, two continuous r x r matrix functions on S with invertible
values are homotopic if and only if their degrees coincide.

Finally, if M is a continuous r X r matrix function on 02 with nonvanishing
determinant then the degree of M is defined to be the degree of the complex-valued
function det M, i.e. [argdet M (y)]sq -

Now we write down the definition of the topological index of an elliptic boundary
problem. This requires us to choose a C> matrix y*-spectral pair (X4 (), T4 (z))
of L;(\), x € Q, as in Proposition 2.1. The definition, however, does not actually
depend on the choice of such a pair (see Lemma 2.7).
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Definition 2.5. The topological index of a boundary value problem (A, B) is de-
fined as follows:

1 ~ 1 -
inds(A,B) =r(2—1¢) [arg det Ag(y)]ag + g[arg det Az (y)]an

S om
where (X4 (2),T4(x)), €€, is chosen as in Proposition 2.1, and then (X+(y), Tx(y))
y € 9Q, is defined by the transformation (2) and A% (y) is defined by (1-4).

At first sight it might appear that the definition of inds(A, B) depends only on
the value of the coefficients of A on the boundary 952, but in fact the choice of
(X4,T4) and hence of (X 4,7 ) depends on the coefficients throughout the region

Q. If the operators A and B have real coefficients, we may assume A_(y) = A (y)
(see Remark 1.1) and then

1 -

- ;[arg det Af (y)]oq.

The next two lemmas show that inds(A, B) is well-defined, independent of the
choice of y*-spectral pairs.

(4) ind, (A, B) = (2 — 0)

Lemma 2.6. If (A,B) € BE®“*, i.e. the principal part of the boundary operator B
is homogeneous of degree p in all rows, then the quantity

[arg det AF (y)]on

is independent of the choice of a C°° matriz vt -spectral pair (X+(z), T+ () of
L.(\), z € Q, where A% (y) is defined by (3).

Proof. Let (X% (z),T¢(x)) be another y*-spectral pair of L,()\), z € Q, consisting
of matrix functions with entries in C*°(Q). It can be shown that y*-spectral pairs
are unique up to similarity; in fact it follows from [WRL, Proposition 2.12] that

X¢(2) = Xe(a)M(z),  T(z) =M (2)T(x)M(2)
for some matrix function M with entries in C°°({2) such that det M (z) # 0 for all
z € Q. For the sake of brevity we write AL = Af. Then
AL(y) = Ax(y)M(y)  forally € 09,
and it follows that
[arg det AY (y)]an = [argdet At (y)]on + [arg det M (y)]sa-

As in the proof of Proposition 2.1, Q) is contractible to a point zg € €, whence
the function det M (z), = € Q, is homotopic to a constant. Its restriction to 9 is
therefore homotopic to a constant function, thus

[arg det M (y)]aa = 0,
as was to be shown.

The following lemma is another version of Lemma 2.6 for which there is no special
assumption on the orders of the rows of the boundary operator.

Lemma 2.7. Let the y*-spectral pair (X+(y), Ti(y)) of Ly(\) be defined by the
transformation (2), and then define A (y) by (1-4). Then the quantity

[arg det A% (y)]on

is independent of the choice of the C* matriz yE-spectral pair (X4 (x), Te(z)) of
Ly(\), z €.
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Proof. The boundary operator has the form (1-1b). Now we operate on B with
tangential derivatives to make the order the same in each row:

(5) B = [(0/07)" ™" T jajcm, W],

where y = maxy, my, and 9/91 = 11 (y)-0/0x1+72(y)-0/dxs . Let us write Ay = AF
and A/, = Ag,. For the matrix polynomials associated with the boundary operators
B’ and B, we clearly have B?’J(/\) = B,()\). Thus A’ (y) = A4 (y), which has nonzero
determinant for all y € 99, so B’ also satisfies the L-condition. Due to Proposition
2.2 we have

[arg det At (y)]on = [arg det A% (y)]oq — ularg det(r1(y)] + m2(y) T (y))]oe

Since the spectrum of T lies in the upper half-plane, the same is true of
til + (1 —t)T4 for 0 <t <1, and therefore

H(y,t) =n)I+nW{til + (1 -)Ti(y)}, ye€oQ, tel,
defines a homotopy 09 x I — GL,(C). The winding number of a continuous

function is locally constant, whence

S largdet(r (5)] + ()T ()lon = - largdet (71 ()] + ma(y)iDla =7

™
Similarly, since the spectrum of 7_ lies in the lower half-plane, we find that
1
%[arg det(m(y) + 7=2(y)T-(y))]oa = —7-

Thus
1 ~ 1 /
o [arg det Ay (y)]oa = o [arg det A, (y)]oa — rp
and

1 < 1
[argdet A_(y)]oq = 5 larg det A" (y)]aq + .

2 2
According to Lemma 2.6, the quantity [argdet A/, (y)]aq is independent of the
choice of (X4, T4); hence the same is true of [argdet AL (y)]aq -

3. A SIMPLE FORM FOR FIRST-ORDER ELLIPTIC SYSTEMS
WITH REAL COEFFICIENTS

Consider a first-order elliptic boundary value problem (BVP) in the plane

(1a) 88—;2 — A(x)(,f—;l + Ao(x)u = f(x), x = (x1,22) € Q,
(1b) By)u=g(y), yeon,

where A(z) and Ag(x) are real 27 x 2r matrix functions with entries in C*°(Q), and
B(y) is a real 7 x 2r matrix function with entries in C>°(92). The region Q C R?
is bounded and simply connected, with smooth boundary.

Any elliptic operator A where the principal part is homogeneous of order 1 can
be written in the form (1a). Indeed, the principal part m.A(x, &) is invertible for all
r €, 0#¢&cR? and letting € = (0,1) we see that the coefficient of 3/0x5 is
invertible for all = € €.
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The BVP (1a), (1b) is elliptic if det(IX — A(z)) # 0 for all z € Q, A € R, and
satisfies the Lopatinskii condition if the r x 2r Lopatinskii matrix

B(y) - / (A= A)

has rank r for all y € 092, where the integral is taken along a simple, closed contour
vt in the half-plane Im A > 0 containing the zeros of det(I\ — A(y)) there.
In that case, the linear operator

(A, B) : W (Q,R?) — Ly(Q, R x W3/ % (0, R"),

defined by u — (Ou/dxe — Adu/dx1 + Agu, Bu), is Fredholm. Since the index of
Fredholm operators in Banach spaces is locally constant, then ind(A, B) depends
only on the principal part of A, that is,

ind(A, B) = ind(7 A, B),

because one can replace the coefficient Ag(z) by tAg(x),0 <t <1, giving a homo-
topy between (A, B) and (7.4, B). Thus, for the purpose of determining the index
we may assume that Ay = 0.

Remark. Since A and B have real matrix coeflicients, there is no loss of generality
in considering solutions u which are real vector functions rather than complex (just
take real and imaginary parts of ). This does not affect the index.

The following lemma is used in §4 to transform the 2r x 2r real system (la),
(1b) into a generalized Riemann-Hilbert problem (an r x r complex system). The
index for this new problem is easy to determine since it is homotopic to a diagonal
system of r (scalar) Riemann-Hilbert problems. Then we derive a formula for the

index of (A, B).

Lemma 3.1. Let A be a 2r X 2r real matriz such that sp(A) "R = (. Then there
exists a real invertible 2r x 2r matriz QQ such that

) oao= (1 )

where Ay, As are real r X v matrices such that sp(A; + iAs) lies in the upper half-
plane.

Proof. Write C?" = 9, @ 9M_, where M. are the invariant subspaces of A corre-
sponding to the eigenvalues in the upper and lower half-planes, respectively. Since
A has real coefficients, there is a one-to-one correspondence between Mt and 9t_
given by conjugation.

Let X be a 2r x r matrix whose columns form a basis of 9t ; then the columns
of X4 form a basis of M_ = M. Let T be the unique r x r matrix such that
AX+ = X+T+. Then,

A [X+ 7.},_} = [AX+ A7+:|
= [X+T+ 74_74_}

~ (X, X (T+ T+) .

Thus the columns of the 2r X 2r matrix [X; X ] form a basis of C*" and relative
to this basis A is block diagonal.

(3)
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Now write Ty = Ay + iAo, where A1, Ay are real r X r matrices. By Lemma 6.1
(see below), we have

N e Y S | P [ G I

where I is the r x r identity matrix. Let

-1
- I I
Q=[x+ Xy (—u u)
then (2) follows from (3) and (4). Note that the entries of @ are real since
— 1/ 4l -

where Re X4 = (X4 +X ) and Im X = - (X, — X ) are the real and imaginary

2i
parts of X, respectively. Also sp(T) = sp(Ajsn,) which lies in the upper half-
plane.

Remark. Tt should be noted that, as usual, in linear algebra the notation sp(A)
in the statement of Lemma 3.1 refers to the spectrum of the matrix polynomial
L()\) = IX— A. In the proof of Lemma 3.1, (X, T, ) is actually a y*-spectral pair
of L(X). Moreover, if we define

X=[X, X4], T= (T+ T+) = (%/i)

then (X,T,Y) is a standard triple of L(\). This follows from the next lemma.

Lemma 3.2. Let A be any n x n matriz. Let X, T and Y also be n x n matrices.
Then (X,T,Y) is a standard triple of L(\) = IXA— A if and only if X is invertible,
AX = XT, and X~ 1 =Y.

Proof. See [Ro, Definition 2.15].

Lemma 3.3. Let Ay, Az be real r X r matrices such that sp(Ay + iAs) lies in the
upper half-plane, and consider the 2r x 2r matriz polynomial L(\) = I\ — A, where

_ (A A
A= ( v ) .
Then sp(L)NR =0 and L()\) has the following standard triple:

(I 1 _ (AL +iAy (1 I
X‘(—U i])’ T‘( A1—1A2>’ Y=o\s -ir)

Proof. Let Ty = A1 +iAs. In view of (4) we have

det L(\) =| det(IX —T) |*#£0
for real X\. By direct computation we also have AX = XT and X! =Y, so
(X,T,Y) is a standard triple of L(\).
Corollary 3.4. Under the hypotheses of Lemma 3.3, L(\) has the following v -
spectral triple:

I . .
(X4, Ty, Yy) = ((_U) A idy L[ ).
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We return now to the BVP (1a), (1b). Let L,(\) = IX — A(z). By Proposition
2.1 there exists a yT-spectral pair (X1 (x), T (z)) of L,(\) consisting of matrices
with entries that are in C*°(Q), where the dimensions of X, and T, are 2r x r and
r X r, respectively. Then A(x)X; (z) = X1 (2)T4(z) and if we let

-1
(5) Q) = [X, () X:(@)] (_IZ-I Z-II) 7
the proof of Lemma 3.1 shows that
@ waweE = (310 ). wea

where Ay, Ay are O real r X r matrix functions on  and the spectrum of Ty (z) =
Ai(z) +iAz(zx) lies in the upper half-plane for all x € Q. Let u = @ - v, then BVP
(1) takes the form

~ ov ~ Ov ~
(1a) 8—:132_A8—331+A0U_f(x)’ x €,
(1b) Blyv=g(y), yeoQ,

where Ag = Q' A0Q+0Q/0x2— ADQ /01, A= Q 'AQ, B=BQand f = Q' f.
For the purpose of determining an index formula, we may of course assume that
the lower order terms in (1) are 0, that is, Ay = 0.

Let (A, B) and (A, B) denote the boundary value problems (1) and (1), respec-
tively. Let us compare the L-condition for (A, B) with that for (A, B). First of
all,

© [ Bu-Aw) Tt ar= [ BIA- W) - Q)

From this equation we see that (A, B) satisfies the L-condition if and only if (A, B)
satisfies the L-condition. Further, observe that (6) may be written as

B(y)P+(y) = B(y) P+ (y)Q(y),

where P, (y) and Py (y) are the Riesz projectors for A(y) and A(y) with respect
to the eigenvalues in the upper half-plane. Then multiplying both sides of this

z I) and using (5) we obtain

equation on the right by <—i] il

B)Pi(y) - [Xely) Xi(y)] = BOP @) [Xe() Ko@),

where X (y) = (_Iz I); see Corollary 3.4. Hence

B(y) [X+(y) 0] =B(y)-[X:(y) 0]
that is,
B(y)X+(y) = By)X+(y).

Writing B(y) = [Bi(y) Ba(y)], where By, By are real r X r matrix functions, then
B(y)X 4 (y) equals Bi(y) — iBa(y), and we have proved the following lemma.
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Lemma 3.5. The boundary value problem (A, B) satisfies the L-condition if and
only if (A, B) also satisfies the L-condition. This condition can be stated in two
equivalent ways:

det B(y)X+(y) #0 for all y € 09
or

det(B1(y) —iBa(y)) #0 for all y € 09,
where B(y) = [Bl(y) Bg(y)},

The first condition can be written out in a more explicit manner. Let g (y), k =
1,...,r, denote the columns of X (y) and let b;(y), j = 1,...,r, be the rows of
B(y). Then the BVP (1) satisfies the L-condition if and only if

det[b;(y) - qe(y)]j ey #0  for all y € 0.

By taking complex conjugates, we could also write the second condition of Lemma
3.5 as

det(B1(y) +iBa(y)) # 0.

4. THE INDEX FORMULA FOR FIRST-ORDER ELLIPTIC SYSTEMS
WITH REAL COEFFICIENTS

In this section we prove an index formula due to Vol'pert for first-order elliptic
systems, by starting from the formula for the index of the Riemann-Hilbert problem
(see the introduction).

Let A; and B; (i = 1,2) be smooth r x 7 real matrix functions on Q and 95,
respectively, and suppose that the spectrum of Aj(x) 4+ iA2(x) lies in the upper
half-plane for all z € €, and that det(B;(y) + iB2(y)) # 0 for all y € 9Q2. We call

the following boundary value problem for the C"-valued function w,
ow ow
— — (41 +1As)— = , €Q,

(1) boy itk =@, @

Re(B1(y) —iB2(y))w = g(y),  y €,

where f = f1 +ifs and g is real-valued, a generalized Riemann-Hilbert problem.

Lemma 4.1. Consider the real 2r x 2r boundary value problem for v = [vl UQ]T,
ov Al —A2 v fl ((E)
— - — = , €,
(2) Oxa (AQ Ay ) Om fa(z) v
[Bi(y) Ba(y)]v=9g(y). ye€oQ
There is a one-to-one correspondence between solutions of (2) and (1) given by
[’Ul vg]T — W = V] + V3.

Proof. This is an easy consequence of the formula (3-4) and the fact that

()= )

Left multiplication of the system (2) by (

(0 ()i (7)- ()
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which is just two copies of g—;‘; —(A1+1iAs2) g—;"l = f(z), and the boundary conditions
in (2) may be written as

% [Bi(y) Ba(y)] (-1;1 ZII> (Z) = 9(v),

that is, Re(B1(y) — iBa2(y))w = g(y). Conversely, if the function w satisfies (1)
then v = [v ’UQ}T, where v; = (w+@)/2 and vy = (w — w)/2i, satisfies (2). This
establishes the one-to-one correspondence between solutions of the two problems.

We call the boundary problem (2) the real form of the Riemann-Hilbert problem
(1). Note that by Lemma 3.3, we have

det (IQT)\ - (jl ‘AA2> ) — [det(LA— (A +id2))> £0  for real A,
2 1

so (2) is elliptic. Since det(Bi(y) — iBa(y)) # 0 for all y € 909, then it also

satisfies the L-condition (Lemma 3.5). Hence the boundary problem (2) has a finite

dimensional kernel and cokernel, and the same is therefore true of the Riemann-

Hilbert problem (1). (We leave the verification of this fact to the reader.)

Let (A,Re(B-)) denote the boundary problem (1), ie. A = 09/0zy —
(A1 + iA2)0/0x1 and B = By — iBs. Now we construct a homotopy of elliptic
operators A. Since the spectrum of A; + A5 is contained in the upper half-plane,
the same is true of t(A; + iAs) + (1 —¢)il when 0 <t < 1. The operator

AW =9/0xy — (H(AL +i45) + (1 — 4)i)8/dx1,  0<t <1,

is therefore elliptic, and the index, ind(A®), Re(B-)), is independent of ¢. With
t =1 and ¢t = 0, it follows that

ind(A,Re(B-)) = ind(—2i0/0%z, Re(B")).

Thus we have reduced the calculation of the index to the following boundary prob-
lem:
0
(3) 8_1; = h(z), z=x1 +1x9 € Q,
ReB(y)w =g(y),  y €,

where B € C*° (9, r x r) and det B(y) # 0 for all y € 9.

Theorem 4.2. The Riemann-Hilbert problem (3) has index

1
(4) ind(9/0z,Re(B-)) = ——[argdet B(y)]aq + 7

T
Proof. If the matrix B(y) were diagonal, then (3) would be a diagonal system of r
scalar Riemann-Hilbert problems. Then (4) would follow directly from the index
formula for the Riemann-Hilbert problem (see the introduction), by induction on

the dimension r of the system. However, the matrix function B : 9Q — GL,.(C) is
homotopic to

det B(y)

so the theorem follows at once.
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Collecting all the preceding results, in particular, the system (2), Lemma 4.1 and
Theorem 4.2, we obtain the index formula for first-order elliptic systems with real
coefficients. Note that, by virtue of Lemma 2.6, the quantity [arg det B(y) X4 (y)]aa

does not depend on the choice of yt-spectral pair (X (z), Ty (2)), z € Q.
Theorem 4.3. The index of the boundary value problem (1a), (1b) of §3 is

1

ind(A, B) = —;[arg det B(y) X+ (y)]oq + 7,

where X () is a 2rxr matriz function depending smoothly on x € Q whose columns
form a basis for the invariant subspace of A(x) corresponding to the eigenvalues with

positive imaginary part.

5. INDEX FORMULAS FOR HIGHER-ORDER SYSTEMS WITH REAL COEFFICIENTS

In this section we suppose that A is an elliptic operator with principal part ho-
mogeneous of degree ¢, and that the boundary operator B is a differential operator.
In the first part of this section we also suppose that the principal part of B in each
row is equal to the same number y; that is, with the notation of §1, (A, B) € BE“*.
For the moment we also assume that p < ¢ — 1.

We will derive a formula for the index of (A, B) by reformulating (7.4, 7B8) as a
first-order system and then applying Theorem 4.3. In view of §6 we may suppose
that A and B have matrix coeflicients with real entries. Let

4
Lo(\) = mA(z, (1LN) = Y _Aj(@)V,  zeQ
j=0

Since A is elliptic, then A,(z) = 7A(x,(0,1)) is invertible for all z € Q. By
considering the operator AZlA, we may assume that Ay = I, that is, L,()\) is
monic. Also we let

-1

B,(\) = 7B(y, (LX) = Y. Bi(y)N,  ye .
3=0

Recall from §1 and Proposition 2.2 that (A, B) satisfies the L-condition if and only
if det A (y) # 0, where

-1
(1) Afy) =D Bi(y) X+ ()T

J=0

As usual, we let (X (), Ty (z)) be a v -spectral pair of L, (\) consisting of smooth

matrix functions on 2. To reformulate (mA, 7B) as a first-order system, let
0y
a Ozt 0ad]
so that the equation mA(x,d/0z)u = f(x) takes the form
Ovp_1 Ovp_1 Jvo

3 A s 4 Apx)=— =

3) Pk (o) Tt e Aol) 512 = F(a),
and there are the “compatibility conditions”

(2) vj

ov; ov;
4 —1 = g+l i =0,...,0—2.
( ) ax2 axl ) ] 0) 7€
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Thus, we obtain the first-order system

- v ov
- P _F Q.

(5a) A(z,0/0x)v . Cy(x) e (x), T €
where v = [vg ... ’Ug_l]T and F=[0 ... 0 f]T are pl-vector functions and
C4(x) is the companion matrix for L,(A):

0 I

0 0 I

Cr = : : .
0 0 I
—-Ay -4y oo —Ap

Note that A is elliptic if and only if A is elliptic, since det L, (\) = det(IX — C (x)).
If 4 = ¢ — 1 the boundary conditions 7B(y, d/0x)u = g(y) take the form

(5b) B(y)v=g(y), yeo,

where B = [Bo By ... Bg_l} , arxpl matrix function. Then (1) can be written
in the form

(6) Af(y) = B+ col (X4 (y)T1(y))Zs-

Now we are ready to prove the first version of the index formula (for real coef-
ficients). At first sight it might appear that (7) implies that the index of (A, B)
depends only on the values of the coefficients of A on the boundary 0f2, but in fact
the choice of (X, Ty ), and hence AE, depends on the coeflicients throughout the
region 2.

Theorem 5.1. Let the hypotheses be as stated above: (A,B) € BE®H (for arbitrary
u ) and the boundary value problem operators A and B have real matriz coefficients.
Then

(7) ind(A, B) = —%[argdet AL W)oa +1r(2p +2—10).

Proof. Without loss of generality (A, B) = (m.A, 7B), that is, A contains no deriva-
tives of order < ¢ and B no derivatives of order < u. We prove the theorem in four
steps: (1) u = £ — 1, and the operator A has constant coefficients; (2) p = ¢ — 1,
for general A; (3) p < ¢—1; and (4) u > .

Step 1. We reformulate (A, B) as the first-order boundary value problem (5a),
(5b) and apply Theorem 4.3 to (A, B). Note that the columns of

col(X 4 (:U)Tj_ (w))ﬁ-;(l)

form a basis for the invariant subspace of C(z) corresponding to the eigenvalues
with positive imaginary part. Thus by Theorem 4.3 and (6)

®) ind(A, B) = 7 = Lfarg det By - col X )T (@) (o
=r— %[arg det A (y)]oq.

We have the operators (A, B) : W4 (Q,RP) — Ly(Q, RP) ><W21/2(8(2, R") and (A, B) :
W (Q,RPY) — Ly(Q, RPY) x W3/ % (09, R"), and to complete the proof of (7) we must
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show that
(9) ind(A, B) = ind(A, B) 4 r(f — 1).
There is a map ® from ker(A, B) to ker(A, B) given by u + v = [vo - wg_l]T,

where v; are defined by (2). Now, ® is surjective for if Av = 0 and B(y)v = 0 then,
by Weyl’s lemma, v € C°°(£2, Rpé) since (4) holds and € is contractible, then, by
Lemma 5.2, there exists u € C>°(Q,RP) such that (2) holds. Moreover, the kernel
of @ is the subspace P of all RP-valued polynomials u of degree < £ — 2,

xl,l'g Z Cjkl'll'Q,
j+k=0
where ¢j, € R” are constants. Since the number of linearly independent monomials
of the form cjpaiak, j+k <l —2/isequal to 1 +2+---+ ({ —1) = (£ —1)£/2, it
follows that

dimP =p- é(ﬁz_ D =r{l—1).
Hence ker(A, B)/P = ker(A, B), so that
(10) dimker(A, B) = dimker(A, B) + (¢ — 1)

At this point we wish to apply Lemma 5.3. The operator A : Wi(Q,RPY) —
L2(Q,RPY) is surjective for if ' € C° (€, RPY) we can extend F to C§°(R?, RPY) and
then let u = E « F where E is a fundamental solution of A; it follows that im .4 >
C>°(Q,RPY). 1In virtue of Lemma 5.4 the image of A has finite codimension—
because this is true of the image of (A, B)—hence it must be closed. Hence A
is surjective because we have shown that the image of A is closed and dense in
Ly(Q,RPY). Similarly A : W5 (Q,RP) — Ly(2,RP) is surjective. Indeed, this can
be derived from the surjectivity of A for if f € C>=(Q,RP) then there exists v =
[vo ... ’Ug_l]T € C®(Q,R?) such that v = F = [0 ... 0 f]T, then v
satisfies (3), (4), and due to Lemma 5.2, there exists u € C*°(£2, RP) such that (2)
holds, whence Au = f. Hence

ind(A, B) = ind(Bjer.4)> by Lemma 5.3

= ind(Bjyer a,) + (£ — 1), see (10)
= ind(A, B) 4+ r(¢ — 1), by Lemma 5.3
and then (8) implies
a ind(A, B) = ——farg det A§(9)]an + 71,
T

which is the formula (7) for the case yp = ¢ — 1.

Step 2. It follows from the proof of Proposition 2.1 that € is contractible, i.e.
there exists a smooth map ¢ : Q x I — € such that p(x,0) = 29 and ¢(z,1) =
for all € Q, where zg is a fixed point in Q. Consider now the following homotopy
of elliptic operators:

Ay (x,0/0z) = A(p(z,t),0/0z), 0<t<1.

Note that A; = A, and Aj has constant coefficients. In view of Proposition 1.2 there
exists a homotopy (A¢, Bt), 0 < t < 1, of elliptic BVP’s such that (A1, B1) = (A, B).
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Since the index is locally constant, we obtain ind(A, B) = ind(Ag, By). By Step 1,
we see that (11) holds for (Ag, By). Thus it also holds for (A, B), since the winding
number is locally constant and by Lemma 10.22 there exists a yT-spectral pair
(X4,Ty) for L(A) = wAi(x, (1, X)) which depends smoothly on .

Step 3. Suppose now that u < £ —1. We then operate on the boundary operator
B with tangential derivatives to increase its order to £ — 1:

B = (9/or)" 1"+ oB,
where 0/01 = 110/0x1 4+ 120/0x2 . Corresponding to (1), let

-1 -1
By(\) =7B'(y, (LX) = Y_Bjw)N,  ALy) = Bjw)X+)TiQ).
=0 =0

Since

By(A) = (11(y) + 2(y)N) T By(N),
then
(12) A% (y) = AFW) (M) + 12 (y) Ty (y) .

It follows that det Af, (y) # 0 if and only if det AL (y) # 0 since the spectrum,
sp(T4(y)), lies in the upper half-plane. Hence (A, B’) satisfies the L-condition.
From (12) we see that

[argdet A, (y)]oa = [argdet Af (y)]oa + (¢ — 1 — p)[arg det(m1 ] + 72T )] o
and, since 5= [arg det(71(y)I + 72(y)T (y))]ae = r, we obtain

%[arg det A% (y)]oq = %[arg det A% (y)]on +2r(f — 1 — p).

Thus, to complete the proof of (7), it suffices to show that ind(A, B') = ind(A, B).
Consider the tangential derivative 8/d7 as an operator from W4T (99) to W§(9Q)
for k > 0. This operator has index 0, because the kernel of 9/97 is one-dimensional,
consisting of the constant functions on 052, and the image of 9/07 has codimension
1, consisting of the functions g € W¥(99) such that [ g = 0; therefore, ind(0/97) =
1 —1=0. It follows that the operator

U WEQ,RP) x Wi #7200, R™) — WE(Q,RP) x Wy/2(0Q,R")

defined by U(f,g) = (f,(0/07)"17#g) is a composition of £ — 1 — u Fredholm
operators, so ¥ is also Fredholm, with index 0. Then, since (A, B’) = ¥ o (A, B),
we obtain that ind(A, B') = ind ¥ + ind(A, B) = ind(A, B). Consequently, by (11)
and (13)

(13)

ind(A, B) = ind(A, B)

1
[arg det AL, (y)]oq + 7€

B
1
= —;[argdet AfW)oo +r2u+2—10).

Step 4. Suppose that p > £. (A, B) is homotopic to (A, (0/0T)H 1R, where
(A, R) € BE®"! and AL, = A} by Theorem 1.4. We then have

(14) AR (y) = A () - (1i(y) + ()T (y) ",
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for y € 0 (see Proposition 2.2). Hence
ind(A, B) = ind(A4,R)

1
= —;[arg det A% (y)]oa + ¢
1
= —;[argdet AfW)]oa —2r(€ — 1 — p) + 1L, by (14)

1
larg det AS (y)]oq +7(2u + 2 — 0),

T
so that formula (7) holds for (A, B). This completes the proof of the theorem.

Now we turn to the proof of the three lemmas which were used in the proof of
Theorem 5.1.

Lemma 5.2. Let vg,... ,v—1 € C°(Q), £ > 2, such that

8’Uj _ a’Uj+1

15 — = j=0,..,0-2.
( ) 8132 8{131 ’ J ’ 9
Then there exists u € C>()) such that
ot—1
(16) Y, j=0,..0—1.

Ozt ™10
Proof. Since € is contractible then, by the Poincaré Lemma, every closed form on

Q is exact. The lemma may be proved by induction on the number £.

Lemma 5.3. Let E,E; and Es be Banach spaces. Let A : E — E; and B :
E — E3 be bounded linear operators. Let Ao = Ajxern- If B is surjective then the
following are equivalent:

(i) The operator (A, B) from E to Ey x Ey is Fredholm;
(ii) The operator Ay from ker B to Ey is Fredholm.

If (A, B) and Ag are Fredholm operators then ind(A, B) = ind Ag. (An analogous
result is true if the roles of A and B are interchanged.)
Proof. The operators (A4, B) and Ag have the same kernel. Also note that f € im Ay
if and only if (f,0) € im(A, B), so the map f +— (f,0) induces a map
(17) El/ion — (El X .EQ)/HII(A7 B)
which is injective. Hence

codimim Ay < codimim(A, B).
If (i) holds then codimim(A, B) < oo and thus codimim Ay < oo also. Since im Ay
has finite codimension it is closed and therefore (i) implies (ii). Conversely suppose
(ii) holds. Let (f,g) ¢ im(A, B). Since B is surjective there exists u € E such that
Bu = g, then
which implies that the map (17) is surjective. Hence

codimim(A, B) < codimim Ay,

so (ii) implies (i). In general we see that im(A4, B) and im Ay have the same codi-
mension, that is, either both dimensions are infinite or both are finite and equal.
The last statement is now clear.
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We can also prove a more general result. Recall that for any Fredholm operator
A, we denote the dimension of its kernel by a4 and the codimension of its image
by Ba, and the index is defined by ind A = g — Ba4.

Lemma 5.4. Let E, Fy and Es be Banach spaces. Let A: E — FEy and B : E —
E> be bounded linear operators. Let Ag = Aerp and By = Bjxera. Then the
following are equivalent:

(i) The image of the operator L = (A, B) : E — E; X Es has finite codimension;
(ii) The images of the operator A and of By have finite codimension;
(iil) The images of the operator Ay and of B have finite codimension.

If any of (i), (ii), or (iii) hold then
(18) Be = Ba + Bp, = Ba, + Bab.

Since ar = aa, = ap, it follows that if any one of the operators L, Ay and By is
a Fredholm operator then all three are Fredholm and

ind L =ind By — B4 = ind Ag — OB.
Proof. There exist vector spaces My C im A and Ny C im B such that
(19) imA=1im Ag ® M, im B =im By ® Ny
where @ denotes a direct sum of vector spaces. Let
T:= (Mp x No) Nim L.

We claim the following;:

(a) T is the graph of an invertible operator My — Npy;
(b) im £ = (im Ag x im By) & T
() imAximB=imL®T, where I' = {(f,—g); (f,9) €T}

The proof is left as an exercise.
Now, to complete the proof of the lemma, let k£ = dim My = dim Ny = dimI" =
dimI" . From (19) we have

Ba, =k+pBa,  PBp, =k+ 5.
Let By =imA® M, E; =im B @ N. In view of (c), we have
Ey x Ey=(mAximB)® (M xN)=imL®T @ (M x N),
whence
B =dimT 4+ dim M + dim N
=k+0Ba+ B,

so the equalities in (18) hold. The equivalence of (i), (ii), and (iii) is now evident.
The last statement in the lemma follows immediately.

When the orders of the rows of the boundary operator are not necessarily the
same, Theorem 5.1 cannot be applied directly. However, the next theorem shows
that the index can be written in terms of Af(y) = ;‘:0 Bj(y)X4+(y)T7(y), where
(X4 (y), Ty (y)) is the yT-spectral pair defined by the transformation (2-2). In this
form the index formula holds for any (differential) boundary operator B.
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Theorem 5.5. Let A € Ell and let B be a differential boundary operator satisfying
the L-condition (with no restrictions on the orders my). If A and B have real matriz
coefficients then

(20) ind(A, B) = ! [arg det Af; (y)]oa + (2 — £)

In other words, ind(A, B) = inds(jl, B) (see Definition 2.5).
Proof. Let my, k = 1,...,r, denote the order of the kth row of B and let p =
maxg (my). Now let
B'(y,0/0x) = [6k; (0/OT)" ™[} =y © B(y, 0/ 0)
so that B’ has the same order p in each row. Then
B (y, &) = [bk; (7 - "]} k= - TB(Y,€),
thus 7B’ (y, 7 + An) = 7B(y, T + An). It follows that B’ satisfies the L-condition.
Hence (A, B') € BE“* and by Theorem 5.1
—%[arg det A% (y)]oa + r(2u + 2 — £)
By Proposition 2.2 we also have
Af = 2g (I +mTy) ™"

(21) ind(A, B') =

and, since 5-[argdet(r1] + 72T )]oq = r, it follows that

1 1
(22) —ﬂ[arg det A ]oq = —g[arg det Af)oq + pr.
In view of (21) and (22), the formula (20) holds for the boundary value problem
(A,B'). Since Af, = Af and ind(A, B') = ind(A, B), it also holds for (A, B).

Example. Let A denote the elliptic operator defined in equation (19) of [Ro, §3],
namely,
62 82 62

8—33% +2B(z) et + C(x)a—a:% + lower-order terms

0
A, ) = A@)
where

_( ei(@)  pa(zx)+1 _ ) — Alx
A = (e 20N B =1 o) =@,

and @1, o are real-valued functions in C'*°(Q) satisfying appropriate conditions.
Consider once again the Dirichlet and Neumann problems for A. Let (X, (y), Ty (y))
be the yt-spectral pair of L,(\) defined by [Ro, (3-24), (3-25)]. For the Dirichlet
problem (A, B) we showed that

det Af (y,7(y)) = i(y)
and hence it follows from Theorem 5.5 with ¢ = 2 that
1 _
ind(A, B) = —=[argdet Af (y)]sq

i
= farg(y)an
Also, for the Neumann problem (A, C) we showed that
det AL (y, 7(y)) = i (y) (e ()] —2)
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Since |p(y)|? —2 is real-valued it has zero winding number, and Theorem 5.5 implies

ind(A,C) =

;[arg o(y)loq,

the same as the index of the Dirichlet problem.

6. CHANGING FROM COMPLEX TO REAL MATRIX COEFFICIENTS

A polynomial with coefficients that are matrices with real entries shall be referred
to as a real matrix polynomial. In other words, L(\) = > A;N is a real matrix
polynomial if flj = A;. Real matrix polynomials are also characterized by the
following condition: L()\) = L()) for all A € C.

Throughout this section we assume that det L(\) # 0 for real A\. Also we let
7* be simple, closed contours containing the eigenvalues of L()) in the upper and
lower half-planes, respectively. Note that if L(\) is a real matrix polynomial and
if (X4, T,,Yy) is a yt-spectral triple of L()\), then (X4, Ty,Y ) is a 7y~ -spectral
triple of L(\).

In general if L(X) = )" A; M is a complex p x p matrix polynomial then (_)\) =
L(\) where L()\) := > A;M and A; denotes the complex conjugate of A;. Let
Li(A) and L2(A) be the real and imaginary parts of L()), i.e. the unique real
p X p matrices such that L(A) = Ly(\) 4+ iLa()\). We then associate with L()\) the

following real 2p x 2p matrix polynomial:

Li(A) —La(N)
La(d) = <L2<A> LV ) '

There is a close connection between the spectral data of L(\) and that of Lg(\)
(see Theorem 6.2). This can be anticipated by examining the differential equation
L(d/dt)u(t) = 0. If we write u = u3 + iuz , then

Lg(d/dt)ur(t) =0, where ugp = (Zl> .
2

For example, if L(A\o)zo = 0 then the function u(t) = e**°xq is a solution of
L(d/dt)u = 0 and if we write A\g = a+ib and xg = x1 + iz2 then the corresponding
real function

(@1 cosbt — xgsinbt
(1) ur(t) = (xl sin bt + x5 cos bt)

_ 1 tAo I 1 tS\O I =
—56 (—iI) xo—|—§e il )

satisfies Lg(d/dt)ug(t) = 0.

This implies Lg(Ao)zor = 0 and Lg(\g)Tor = 0, where 2o g = (_I

; I) o, which

is easy to verify directly since

s = (E0,) = (0)

Thus, to each eigenvalue Ay of L(\) with eigenvector xg, there corresponds two
eigenvalues, \g and Mo, of Lg()\) with eigenvectors <—Iz I) To and (ZII) Zo, respec-
tively.



3172 B. ROWLEY

Lemma 6.1. Let A and B be p X p real matrices. Then
A -B I I\ _ (1 I A+iB
B A —il i) \—il il A—iB

det (g _B> = |det(A +iB)|?

Proof. The first formula is proved by multiplying out both sides and comparing
entries. The second formula follows immediately from the first.

and

By virtue of the lemma we have the following representation:

(2) Le(}) = (—Iu zII> (L(/\) L(A)) (—Iil iII)_l’

Since det L(A\) # 0 for real A then det Lg(\) # 0 for real A. If r (resp. a —7)
denotes the number of eigenvalues of L(\) in the upper (resp. lower) half-plane,
counting multiplicities, then Lg()) has r + (a« — r) = « eigenvalues in the upper
half-plane and also « eigenvalues in the lower half-plane.

Theorem 6.2. Let L(\) be a p X p matriz polynomial such that det L(A) # 0 for
real \. Let vF be a simple, closed contour containing the eigenvalues of L(\) in the
upper and lower half-planes, respectively. Let (X4, Ty, Yx) be a v*-spectral triple
of L(\) consisting of matrices, i.e. Xy is a p X r matriz, T4 isr x r, Y is 7 X p,
X_ispx(a—r), T-is(a—r)x (a—7r) and Y_ is (aa — 1) x p. Then

I I X
+ _ + .
Xg = (_“. iI) ( X_> , 2p X o matriz,

T .
TH{:( + ), a X o matriz,

-1
Y. I I
+_ (¥+ .
YR© = ( Y_> <—z’I z'I) , a X 2p matrix,

is a v -spectral triple of Lr(\). (I denotes the p X p identity matriz.)
Proof. We shall verify (i), (ii’), (iii), and (iv) of the definition of spectral triples
(see [Ro, Definition 2.1 and Proposition 2.2]).
(i) The fact that sp(T") lies inside y* is clear from the definition of T
(ii") Since X4T1Yy = 5= fvi ML7Y(\) for j =0,1,... then

N

271
i 1 .
X T'Y_ =— [ MNL')\)dx
27 )y~
1 o
:__,/ ML) dx
27 )y
- L ML) dA
2mi o

(Note that if v~ is traversed in the counterclockwise sense, then y= is tra-
versed clockwise.) In view of (2) we have

o= [0 )a( )
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hence
ER B XTIV 4 1o\
omi /¢ = (i ar x 7y ) \—ir i
T+)jy+
for 5 =0,1,....
(iif) From the definition of X3 and T}y, one obtains the following:
Xy X_
—iXy X
X7 X.T-
_ ~iX, T, iX_T._
(3) col( X (T )525 = ¢ .+ +

X, 7t X 7!
X, Tt X T

By means of block-row operations (i times the first block of p rows, added to
the second block of p rows, etc.), the matrix (3) is transformed to

X, X_
0 2iX_
X, T, X_T_
0 2%X_T_
(4)
X+Te 1X_ T_‘l
0 %X _T

Since col(X +T_{_)§;(1) and col(y_Tj_ )ﬁ;é have r and a—r linearly independent
columns, respectively, it is clear from the form of (4) that col( X (T3 )7)5Z]
has « linearly independent columns.

(iv) Similarly, one proves that row(Yg (T )’ )?;(1) has « linearly independent rows.

The following proposition will be of use in §7.
Proposition 6.3. Let the matriz polynomial L()\) and contours v and v~ be as
in Theorem 6.2, and B(\) = E?:o B;N an rxp matriz polynomial of degree p. Let
(X4, Ty) be vE-spectral pairs of L(X), respectively, and (Xg, Ty the v -spectral
pair of Lr(\) defined in Theorem 6.2. Also, let Br(\) = Z;‘L:o Br jN be the real
2r x 2p matriz polynomial corresponding to B(\). Then

I I AT
+ r r B
® 5. () (7 &)

where AT, = o Br i Xg (TF) and A% = o B;X4+T] , and I, denotes the
r X r identity matriz.

Proof. Write B; = M; + iN; where M; and N; are real r x p matrices. Then

Br; = (Aj\/{] ]\i[\[ > so with the formula for (XD{, T+) in Theorem 6.2, it follows
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that
Iz L ‘
D Ba XT(TY =) (NJ MJ> <—u u) ( T x Tj>
j=0 J=0 T

where I denotes the p x p identity matrix. As in Lemma 6.1, it is easily verified

that
My -NN\(I I\_{(1I L\(B
N, My ) \—ir ir) T\~ il B;
and now (5) follows immediately.

Remark. Note that the matrix AF is square (21 x 2r) exactly when 2r is equal to
the degree of det L(\), which is the condition of proper ellipticity.

Let A € Ell be an elliptic operator in @ C R™ and B any differential boundary

operator. If
= Z A ()0

= Zfla(a:)(?

that is, the coefficients A, are replaced by their complex conjugates A, Similarly
for B(y,d). Since Au = f, Bu = g if and only if Au = f, Bu = g, there is a
one-to-one correspondence between the solution spaces of (A, B) and (A, B); thus
one problem satisfies the L-condition if and only if the other does, and ind(A, B) =
ind(A, B).

If A= Ay +iAsy, where the coefficients of A; are real p x p matrix functions, we
define

we let

_ (Ai(@,0) —As(,0)
Ar(z,0) = <A;(x,8) A12(x,5) )

which is a differential operator with coefficients that are real 2p x 2p matrix func-
tions. Similarly, if B = By + ¢B2, where the coefficients of B; are real r x p matrix

functions, we define
_ Bl (ya 8) _BQ(yv 8)
5.0 = (iiro) i)

is a differential operator with coefficients that are real 2r x 2p matrix functions.
Due to Lemma 6.1, there is a one-to-one correspondence between solutions of

Az(z,0) (Z;) (fl(x)) reqQ,

(6)

and solutions of

(7) (A(x,a) A(x,a)> (Z) = (?Eﬁ;) . zeq,
(P g0) (1) = (60). veom
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where the correspondence is given by v = uy +iug, ¥ = uy —iug (and f = f1 +ifa,
f = fi—if2). Without loss of generality u; and us can be assumed to be real-valued
in (6) (by taking real and imaginary parts). This does not affect the index.

Theorem 6.4. (Ag,Bgr) is L-elliptic if and only if (A,B) is L-elliptic. In that
case, we have

ind(Ag, Br) = 2 - ind(A4, B).
Proof. By Lemma 6.1

(8) mAg(z,€) = (_él ZII> (WA(y’g) WA@,g)) (—Iu iII>_1

for all £ € R™(or C"). Hence det mAg(z,£) = |det mA(z,£)|? for all £ € R™; thus
Ag is elliptic if and only if the same is true of A.
The kth row of the boundary operator Bg has order mj where

ﬁlkzmk, ﬁlk_;,.?«:mk, k=1,...,7’,

and we have

(9)  mBay€) - (_Z ! ) <w6<y,£) WB(M)) (_fu é)_l.

The claim is that (Ag, Br) satisfies the L-condition if and only if the same is true of
(A, B). Indeed, working in local admissible coordinates and replacing £ by (¢, %%)
in (8) and (9), we obtain that W = (Zl) is a solution of the system
2
L 1d
mAr(y, (£, _'E))W(t) =0, t>0,
(10) !

d
"By, (€, 1 )W (t) im0 =0,

if and only if w = wy + fws, W = wy — tws is a solution of the system

(”A(y’ i) Ay, (¢ %%))) (%D B

(wB(y, € 34)) - /7%%))) (Z%)H .

As pointed out earlier we may assume that w; and ws are real-valued. Then, by
homogeneity of mA, we have

Similarly,

2 o LAy _e L4
It is now clear that (10) has the unique solution W = 0 if and only if the system
1d

T A(y, (¢, ;E))w(t) =0, t >0,

1d
mB(y, (¢, ;E))w(t)\tzo =0,
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has the unique solution w = 0. Moreover, due to the one-to-one correspondence
between solutions of the boundary value problems (6) and (7), it follows that

ind(Ag, Br) = ind(A® A, B& B)
= ind(A, B) + ind(A4, B)
=2-ind(A, B).

7. THE INDEX FORMULA FOR ELLIPTIC SYSTEMS WITH COMPLEX COEFFICIENTS
AND WHEN THE BOUNDARY OPERATOR IS PSEUDO-DIFFERENTIAL

First we extend Theorems 5.1 and 5.5 to the case when the boundary operator
is differential with complex coefficients.

Theorem 7.1. If (A, B) € BE“" then

1 1
(1) ind(A,B) = 5 [arg det Af; (y)]on + g[arg det Az (y)]oa +7r2p+2—1).

7r
Proof. Let (Ag, Br) and Lr(X) denote the real boundary value problem operators
and real matrix polynomial associated with (A, B) and L(\), respectively. By
Theorem 6.2, we have a yT-spectral pair (Xg (2), g (z)) of Lg(\) defined in
terms of (X4 (z),T4(x)). Then, in virtue of Proposition 6.3,

0= ) (Y w=m)

where I, denotes the r x r identity matrix. By Theorem 5.1,
1
ind(Ag, Br) = —;[arg det AER (P]oa + 2r(2u+2 —20),
and, since ind(Ag, Br) = 2 - ind(A, B), the formula (1) follows immediately.

Remarks. (i) The formula (1) is not affected if the boundary operator B(y, d/0x)
is replaced by M (y)B(y,d/0z), where M(y) is an invertible r X r matrix
function.

(i) If the operators A and B have real matrix coefficients then the formula (1) is
the same as that of Theorem 5.1 because we may let (X_,7_) = (X,T4)

and therefore Az (y) = A (y).

Theorem 7.2. If A € Ell* and B is any differential boundary operator satisfying
the L-condition (with no restrictions on the orders my) then

(2)  ind(A B) =

1 P 1 P
——ﬂ_[arg det Af (y)]oa + %[arg det Az (y)]aa +17(2 —0).

Proof. This is derived from Theorem 5.5 in the same manner as above.

We now consider more general boundary operators. To do so we need to use
Noether’s formula for the index of p.d.o.’s on the unit circle in R?, and the formula
of Agranovi¢-Dynin in [Ro, §6].

Denote by T the unit circle |2| = 1 in R?. The volume element on T induced
from R? and the counterclockwise orientation is 7(e'*) = x1dwy — wadzy, where
e’ = x1 +ixo. If £ is a covector, we write £ > 0 if £ is a positive multiple of 7, i.e.
pointing in the counterclockwise direction.
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Theorem 7.3. Let A € OS(T,p x p) with principal symbol TA(z,€) = ay(z),
&€ >0, and = a_(2), € < 0, and suppose that detay(z) # 0 for all z. Then
A: Ly(T,CP) — Lo(T,CP) is a Fredholm operator with index

1 . 1 )
ind A = ——[argdet ay ()] + —[argdet a_ ()] .
27 27

This is a well-known result, due to Noether. For the proof, see [WRL, §8.10].

We now wish to consider general boundary operators, i.e. B=>\_; B; DJ where
the coefficients B; are pseudo-differential operators on 0€2. In its present form, the
formula (2) does not hold for such boundary operators; however, if we define a -
spectral pair of Ly ¢()) as in §1:

®  WeOneo)={ Gy S,

then for a differential operator B we have
Af(y,7(y) = Afy)  and  Af(y,—7(y) = M(-1)Ag(y).

Hence (2) can be written in the form (4) below, which turns out to be valid for any
boundary operator.

Theorem 7.4. Let A € ElIl* and let B be any boundary operator satisfying the
L-condition. Then with Ag defined with respect to the v+ -spectral pair (3) we have

" ind(A,B) = — %[arg det Ak (y, 7(y))lon
+ g larg det AF(y, ~r(y))]on + (2~ 0).

Proof. We have shown that (4) holds for (A, B°) if B® is a differential operator sat-
isfying the L-condition relative to A (for instance, let 5° be the boundary operator
constructed in Theorem 2.4), that is,

1
ind(4, B°) = — —[argdet Af. (y, 7(y) oo

T or
1
+ %[argdet Afo (y, —7(y))]oa + r(2 — 0).

Now that we have the formula for one boundary problem, (A, 5°), we can reduce
the index problem for (A, B) to the calculation of an index on the boundary 9,
to which Noether’s formula can be applied since 9% is diffeomorphic to T. By [Ro,
Theorem 6.2] we have

ind(A, B) = ind(A, B°) + ind(Af - (Ag.)™H)

Since ind(A% - (Af.)™!) = ind Af —ind Af,, then by applying Noether’s formula to
p.d.o.’s with principal symbols Af; and Af, on ST*(9€), respectively, (4) follows
at once.

The next theorem gives a formula for the difference between the index of a given
boundary value problem for A and the index of the Dirichlet problem. Here A is a
properly elliptic operator of order ¢ = 2s.

In order to state this result some notation is needed. For a boundary operator
B we let

Gy(y,&) = 1 /+ By,gl(/\)L;é/(/\) [I )\3_1[] dA.
%l

211
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In view of [Ro, Theorem 3.5], the boundary value problem (A, B) satisfies the L-
condition if and only if det G (y,&’) # 0 for all y € 9Q , 0 # &' € T,/ (99). The

substitution A — ¢!\ implies
Gy (y,c€') = M(c)Gy(y, &) F(c)c' 7F, when ¢ > 0,
where M (c) is defined as usual and F(c) = [¢76y;1] Z,_jl:o is a ps x ps diagonal matrix.
If B is a differential operator we also have (with G_ defined by the integral f,y,)
(5) G (y,—€) = M(~1)G(y, ) F(~1)(~1)! .
For the Dirichlet problem the matrix functions G+ take the form
1

+ N __ 1 . —1 s—1

MZE(y, &) = 57 Li il L, (N [I ... X7l dA
AT

Note that M, = —M_, because the integrand is O(A™2) as |A| — oo. (An appli-

cation of Cauchy’s theorem gives fw = [~ and f,y, =—[Z_. As usual, y" and

~~ are simple, closed contours in the upper and lower half-planes containing the

eigenvalues of Ly ¢(\) there, oriented in the counterclockwise direction.)

The following theorem is a particular case of the formula of Agranovi¢-Dynin,
see [Ro, Theorem 6.2].

Theorem 7.5. Let A € EII** and let B be a boundary operator satisfying the L-
condition. If the Dirichlet problem (A, D) satisfies the L-condition then

ind(A, B) =ind(A,D) — %[arg det G4 (y, 7(y)]oa + %[arg det Go (y, —7(y))]oa

Hence ind(A, B) = ind(A, D) +ind Gy , where G4 is a p.d.o. on 9 with principal
symbol G 4.

Proof. Let (X1(y,£), T+(y,¢')) be the y*-spectral pair of Ly () defined as in
(3). Let Ay = Af and E4 = col(X+Tfr);;(1J. By Theorem 7.4 we have

ind(A,B) = o [arg det A4 (5, 7(y)lon + 5 [argdet Ay (y, ~7(y)]on + (2~ )

and

1 1
ind(A, D) = ——[argdet Z4.(y, 7(y))]oa + o-larg det Z1.(y, =7(y))lon + (2 = ).
Hence ind(A, B) = ind(A, D) + &, where
1 1
k= —o_[argdet R(y, 7(y))]oa + 5-largdet R(y, —7(y))lon
T 2

and R=Ay - Ejrl. Now, observe that

Gy=A4 - [Yp ... T9'Y,]
=AEEL YL L T
=R. M;;

As mentioned above, M, = —M_, ; thus (5) implies that det M} (y, —7(y)) and

88 S

det M (y,7(y)) are equal except for a constant factor +1. Hence they have the
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same winding number and

1 1
K= —2—[arg det G4 (y,7(y))]oa + s—[argdet G4 (y, —7(y))]oq-
T 2

The last statement of the theorem now follows from Noether’s formula for the index
of p.d.o.’s on 99 (Theorem 7.3).

Corollary 7.6. In addition to the hypotheses of Theorem 7.5, suppose that B is a
differential operator and has order < s —1. Then

ind(A, B) = ind(A, D).
Proof. We define

G1(y) i/ By(NL YN [T ... X7 da

" 2mi
and note that Gy (y,7(y)) = G4 (y). If B is a differential operator we also have
Gy, —(y) = M(~1) - G_(y) - F(-1)(-1)"".

Thus Theorem 7.5 can also be stated as follows:

ind(A, B) = ind(A, D) ! [arg det Gy (y)]aa + %[argdet G_(y))oq-

Cor
Since the order of B is < s — 1, the terms in the integrand of G+ (y) are O(A~2)
and we have

Gily)—G-(y) = ! /FBy(/\)Lgl(/\) [I ... X ]dx=o,

T 2mi

where T is a simple closed contour containing all the roots of det L, ()\) in its interior.
Hence G4 (y) = G_(y) which implies ind(A, B) = ind(A, D).
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